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Using the general structure of the vacuum polarization tensor n Mt/ (fco,k) in the infrared 
(IR) limit, fco —> 0, the ring contribution to QED effective potential at finite temperature and 

■ non-zero magnetic field is determined beyond the static limit, (fco — > 0, k — * 0). The resulting 
^1 . ring potential is then studied in weak and strong magnetic field limit. In the limit of weak 

magnetic field, at high temperature and for a — ► 0, the improved ring potential consists of a 
term proportional to T 4 a 5 / 2 , in addition to the expected T 4 a 3 / 2 term arising from the static 
limit. Here, a is the fine structure constant. In the limit of strong magnetic field, where 

■ QED dynamics is dominated by the lowest Landau level (LLL), the ring potential includes a 
novel term consisting of dilogarithmic function (eB)Li2 (— ^Sjl)- Using the ring improved 

. (one-loop) effective potential including the one-loop effective potential and ring potential in 

Oh| the IR limit, the dynamical chiral symmetry breaking of QED is studied at finite temperature 

O |' and in the presence of strong magnetic field. The gap equation, the dynamical mass and 

the critical temperature of QED in the regime of LLL dominance are determined in the 
improved IR as well as in the static limit. For a given value of magnetic field, the improved 
, ring potential is shown to be more efficient in decreasing the critical temperature arising 

from one-loop effective potential. 
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I. INTRODUCTION 
A. Motivation 



X 

H . 

The existence of phase transitions in the early universe has been a question that has preoccupied 



a generation of cosmologists. Early on, Kirzhnits |l( found that the symmetry between the weak and 
electromagnetic interactions would be restored at high temperatures. This result was soon complemented 
by similar works by Weinberg Q], Dolan and Jackiw 0], Kirzhnits and Linde 0]. In particular, there has 
been much interest in the nature of the electroweak phase transition (EWPT), which is closely related to 
the still unsolved problem of baryogenesis. It has been known since Sakharov's work that there are three 
necessary (but not sufficient) conditions for the baryon asymmetry of the Universe to develop Q] . First, 
we need interactions that do not conserve baryon number B, otherwise no asymmetry could be produced 
in the first place. Second, C and CP symmetry must be violated, in order to differentiate between matter 
and antimatter, otherwise the same rate of baryons and antibaryons would be produced leading to zero 
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net baryon number. Third, the universe in his history, must have experienced a departure from thermal 
equilibrium. In other words, the above C and CP violating processes should have been occurred in a 
state out of equilibrium, otherwise the net baryon number cannot change in time. The Standard Model 
(SM) of electroweak interaction meets all the above requirements to generate a baryon asymmetry during 
the EWPT, provided that this last be of first order. 

The type of symmetry restoring phase transition is determined by the behavior of the effective or 
thermodynamic potential. The fact that the symmetry is restored at high temperatures is a result of the 
T 2 m 2 (v) term as the leading order contribution from the thermal fluctuations of the field. This term 
appears in the perturbatively calculable one-loop effective potential. Here, T is the temperature and m 2 
is the mass squared proportional to the expectation value of some classical scalar (Higgs) field v. As the 
temperature is increased, the contribution from thermal fluctuation dominates the negative-mass-squared 
term in the tree level potential and symmetry will be restored. According to this one-loop approximation, 
it can be shown that the phase transition is of second order and that the effective potential includes 

terms proportional to m 3 (v)T and therefore is imaginary when the mass squared is negative. As it was 
shown in [6], however, the appearance of imaginary terms in the one-loop effective potential indicates 
the breakdown of the semiclassical loop expansion through IR singularities. As it is then arguedjn 
these IR singularities are included in the ring (plasmon or daisy) diagrams of the theory. In 
nonperturbative ring contribution to the effective potential is calculated. It is shown to have the general 
structure 

3/2 

m 2 (v)+U 00 (0) 
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where IIoo(O) = Hoo(n = 0,k — > 0) is the vacuum polarization in the static (zero momentum) limit. 1 
Adding this contribution to the one-loop effective potential, it is then shown that the SM has indeed 
a first order phase transition and the critical temperature is much lower than the temperature arising 
from one-loop effective potential [3]. As for the question of baryon asymmetry, however, it is known that 
neither the amount of CP violation within the minimal SM nor the strength of the EWPT are enough 
to generate sizable baryon number [gj]. 2 

In the recent years, due to the observation that magnetic fields are able to generate a stronger first 



order EWPT [9|]- 13], the electroweak baryogenesis is revisited within the minimal SM and in the presence 
of external hypermagnetic fields (for a review see 11(). In lOj], the ring improved effective potential of 



SM, including one-loop effective potential and ring contributions, is calculated explicitly. Here, as in 
the ring potential is determined in the static (zero momentum) limit, where, in the presence of external 
magnetic field B, Hoo(0) in (jl.ip is defnined by Hoo(0) = Hoo(n = 0,k — ► 0;eB). It is found that for 
the field strengths 10 23 — 10 24 Gau8, the phase transition is of first order but the baryogenesis condition 
ijr- > 1 — 1.5 is still not satisfied. 3 To improve this condition one is looking for possibilities to decrease 
the critical temperature T c of EWPT. 



1 In [iol Hlj. this limit is called the "Debye mass" limit. 

2 Other possibilities to explain the generation of baryon number during the EWPT include minimal and non-minimal 
supersymmetric model. 

3 In the electroweak SM at finite T, the existence of baryon number violation is realized by means of its vacuum structure 
through sphaleron mediated processes. The sphaleron transition between different topological distinct vacua is associated 
to baryon number ub — rig violation and can either induce or wash out a baryon asymmetry. In order to satisfy the 
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Motivated by the previous facts and as the first step to improve the results in 10|- 13j to solve 
the problem of baryogenesis within the minimal SM, we will go in this paper beyond the static (zero 
momentum) limit and will calculate the ring improved effective potential of QED at finite temperature 
and in the presence of constant magnetic field in a certain IR limit. As we have seen above, the ring 
part of the ring improved effective potential is given by QED vacuum polarization tensor, ILjj,(n,k), at 
finite temperature. In this paper, in contrast to previous works, e.g. , we will determine the 

ring potential using the vacuum polarization tensor in the IR limit, which is particularly characterized 
by (n = 0,k + 0). 4 

This paper consists of two parts: In the first part of the paper, using the diagonalized form of the 
vacuum polarization tensor in the IR limit Ii^ u (n = 0,k/O), the general structure of the ring potential 
will be determined. Then, the ring potential in the improved IR limit will be calculated explicitly in 
the presence of weak and strong magnetic field and the resulting expressions will be compared with the 
conventionally used static ring potential in these limits. In the second part of the paper, the dynamical 
chiral symmetry breaking of QED at finite temperature and in the presence of strong magnetic field will 
be studied. Our main goal to study this example is to answer the question how efficient the improved 
IR approximation is in decreasing the critical temperature of the above dynamical chiral symmetry 
breaking. Comparing the effect of the ring potential in the IR limit numerically with the effect of the 
ring potential in various static limits, we arrive at the conclusion that the improved IR limit is more 
efficient in decreasing the critical temperature arising from one-loop effective potential Tc . Here, Tc 
is the critical temperature that arises from one-loop effective potential in the lowest order of a correction 
(ladder approximation). Defining a ring improved critical temperature T c containing the contribution 
of one-loop effective potential in ladder approximation and the ring contributions, it turns out that the 
difference of the efficiency factors defined as rj = 1 — is more than 60% for the magnetic field B ~ 10 16 
Gaufi. The above conclusion is promising in view of the problem of EWPT in the electroweak SM in the 
presence of weak/strong hypermagnetic field (lo|-[l3|. Here, one is looking for a possibility to decrease 
the critical temperature of EWPT in order to improve the baryogenesis condition > 1 — 1.5. Using 
the improved ring potential in the IR limit in determining the critical temperature of EWPT in SM may 
improve the results from [lQ|-{l3|. 

The organization of this paper is as follows: In Sect. LB, we will review some technical details on ring 
diagrams in thermal field theory without magnetic field. In particular, we will review the well-known 
results of QED ring contribution to the effective potential in the static limit [141 ] . In Sect. II, we will 
determine the vacuum polarization tensor of QED in the IR limit, H^ u (n = 0,k / 0; eB). Here, we will 
use some results from [15] and [if]]. In particular, we will the method in [3] to diagonalize the vacuum 
polarization tensor in certain basis. In Sect. Ill, using the diagonalized Ii^ v {n = 0,k ^ 0; eB), we will be 
able to determine the general structure of the ring contribution to QED effective potential in the presence 
of external magnetic field at finite temperature. In Sect. III. A and III.B, the resulting ring improved 
effective potential in the IR limit will be considered first in the weak and then in the strong magnetic 



baryon asymmetry condition during the baryogenesis process the rate of baryon violating transitions between different 
topological vacua must be suppressed in the broken phase, when the universe returns to thermal equilibrium. In other 
words, the sphaleron transitions must be slower than the expansion of the universe and this in turn translates into the 
condition > 1 — 1.5, where (v) is the Higgs mass [fit H3|. 
4 See Sect. LB for technical details. 
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field limit. 

In the weak magnetic field limit, at high temperature and for a — > 0, the ring potential in the IR 
limit consists of a term proportional to T 4 a 5 / 2 , in addition to the expected T 4 a 3 / 2 term arising from the 

2 

static limit. Here, a = |- is the fine structure constant. This term can be viewed as a nonperturbative 
correction to QED effective potential in addition to the perturbative loop corrections to this potential 
in the corresponding a 5 / 2 order. Note that, using Hard Thermal Loop (HTL) expansion 17], similar 
contributions of order c?J 2 and aj 2 are previously found in QCD effective potential at finite temperature 
and zero magnetic field (see 18[ and the references therein). 

In the strong magnetic field limit, the ring potential of QED at finite temperature includes a novel 
term consisting of a dilogarithmic function (eB)Li2 As in the weak magnetic field limit, similar 

contribution to QCD effective potential at finite temperature and zero magnetic field is calculated in 19]. 
Here, going beyond the static limit, it is shown that QCD effective potential consists of an unexpected 
g 4 In g s term. The appearance of a similar term in the QED ring potential at finite temperature and in 
the presence of strong magnetic field is however expected due to the well-known phenomenon of magnetic 
catalysis 2(j, |22] 5 ; In the limit of strong magnetic field, QED dynamics is believed to be dominated by 
the Lowest Landau Level (LLL), where the chiral symmetry of the theory is broken by a dynamically 
generated fermion mass. As a consequence of a dimensional reduction from D to D — 2, four dimensional 
QED exhibits confining properties like ordinary confining Abelian or non-Abelian gauge theories without 
magnetic field 20, 



22 . 



To compare the ring potential in the IR limit from III.B with the static ring potential in the LLL, 
we will calculate in Sect. III.C and III.D, the static ring potential in the strong magnetic field limit in 
two different methods. In the first approach, we will calculate the ring potential after taking the limit 
eB — > oo. In the second approach, we will take the limit eB — > oo after calculating the ring potential 
mathematically. We will arrive at two different results. This difference can be interpreted as a direct 
consequence of the dynamics of QED in the LLL and the above-mentioned dimensional reduction in the 
regime of LLL dominance. 

In the second part of the paper, we will use the results from III.B-III.D to study the dynamical chiral 
symmetry breaking of QED at finite temperature and in the presence of strong magnetic field in [see Sect. 
IV.] 7 As we have mentioned before, we are indeed interested in the effect of our improved ring potential 
in decreasing the critical temperature of chiral symmetry breaking of QED at finite temperature and 
in the presence of strong magnetic field. Using the ring improved effective potentials in the IR and the 
static limit, the gap equation, the dynamical mass and the critical temperature T c of QED in the LLL are 
determined. To have a first estimate on the efficiency of the improved IR limit in decreasing the critical 
temperature arising from one-loop effective potential in the ladder approximation, Tc , we will compare 
the ratio u = Tc /T c for magnetic field eB in the interval [10~ 8 , 1] GeV 2 . Here, T c is the improved 
critical temperature in the ladder approximation. This range corresponding to B £ [1.7 x 10 12 , 1.7 x 10 20 ] 
Gaufi, is phenomenologically relevant in the astrophysics of neutron stars, where the strength of the 



5 The magnetic catalysis has wide applications in condensed matter physics [5^ and cosmology [24| . 

6 A two dimensional Schwinger model is an example of a confining Abelian gauge theory. It is known that four dimensional 
QED in the presence of strong magnetic field is reduced to a two dimensional theory, very similar to the ordinary Schwinger 
model without external magnetic field. 

7 Recently chiral transition in strong magnetic field is studied in [25|. 
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magnetic field is of order 10 13 — 10 15 Gaufi (see |26j and the references therein). It is also relevant in the 
heavy ion experiments, where it is believed that the magnetic field in the center of gold- gold collision is 
eB ~ 10 2 - 10 3 MeV 2 or B ~ 10 16 - 10 17 Gaufi [27]. Defining further an efficiency factor rj = 1 - u' 1 
for the IR and static approximation, we will be able to compare the IR limit with various static limits. 
According to our numerical results presented in IV. E, for a given value of the magnetic field, the IR limit 
seems to be more efficient in decreasing the critical temperature arising from one-loop effective potential. 
The maximum value of rj in the IR limit ~ 63% for B » 1.6 x 10 16 Gaufi. Our results are summarized in 
Sect. V. In Appendix A, we will define the one-loop effective potential and the ring potential in the LLL 
at zero temperature. In Appendix B, the gap equation arising from one-loop effective potential and ring 
improved effective potential at zero temperature is derived. Appendix C generalizes the definition from 
Appendix B to finite temperature. 



B. Technical details 



QED ring potential at T ^ and B = in the static limit 



In this section, we will review the results in [1J] on QED ring potential at finite temperature using 
the static (zero momentum) limit. Eventually we will argue why an approximation beyond the zero 
momentum limit is necessary when we turn on a strong magnetic field. 

Let us just start with the partition function of QED at finite temperature 

Z = fvcVc VA, Vtp exp ( f dr [ d 3 x c] , (1.2) 



J vo J 

where C = Cq + Lj. Here, Co is the free part of the Lagrangian 

and Ci the interaction Lagrangian 



Using the above Lagrangian the free photon propagator of the theory is given by 

and n G] — do, +oo[ labels the Matsubara frequencies for the bosons. The photon-self energy at one-loop 
level is 

^v = V^-D^ v . (1.3) 
Using the corresponding Ward identities arising from the gauge invariance of the theory 

a^if" = o, = e, 

it is possible to determine the general structure of the photon propagator T>uv and the corresponding 
photon self-energy as a symmetric second-rank tensors. Here, £ denotes the covariant gauge. At 
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finite temperature, the most general tensor of this type is a linear combination of g nu , k u k u , u n u u , and 
k a u u + k v u^ where u M = (1,0,0,0) specifies the rest frame of the many body system. Using the above 
properties and U nu have the general form 



0? + 



1 



pt + 



£ k^k" 



(1.4) 



G — k 2 " T F — k 2 ' k 2 k 2 

where F and G are scalar function of k° and u = |k|. They are of order e 2 in the QED coupling constant 
e. The projector operators Pt and Pl in (jl.4() are given by 

0, 



pOO _ 




. piO _ 
- rj, - 


pij _ 
T — 


5 ij - 


k { k j 
k 2 ' 


p uv _ 
L — 


Wk u 




k 2 



pf. 



(1.5) 



They have the properties 



L r Lpv 



k P^ u 



k P^ v 



pM 
r L\i 



p^ 
~ r Lvi 

0, 
"I, 



Pf PTpv 
L 



pM 

TV 



0, 



pM 



-2. (1.6) 
As it is shown in [14], the lowest correction to the QED thermodynamic potential Vi is of order e 2 





(1.7) 



Note that these two diagrams are equivalent [3]. As for the next correction to the thermodynamic 
effective potential, it is not of order e 4 as expected, but of order e 3 when T > 0. It arises from the set of 
ring diagrams shown in Fig. I. 8 



V, 



T 



ring 



_ E 

n=— oo 

? E 



d 3 k 
(27p 

d 3 k 
(27p 



E 

N=2 



(-1) 



AT-1 



N 



Dq (n,k) n pM (n,k) 



v 



ln[l + L>£*(n, k)n^(n, k)] - k)n pM (n, k) 



(1.8) 



Plugging Dq U and IT^^ in (|I.8|) and using the properties of the projection operators Pl and Pt from p.5|) 
and (|I.6p . (|I.8p is given by 



V, 



ring 



+oo 

E 



d 3 k 



In 1 



G(n, u)\ G(n,u)) 



k 2 



+ 



k 2 



+ ln 1 



P(n, o;)\ F{n,uj) 



k 2 



+ 



k 2 



In some recent references, as in and the ring potential V r ing is denned by adding (|I.7[I to the expression in 

l|I.8(l. which is given by the series of diag rams in Fig. 1. This means that the series over Dq P (n, k) iI PM (n, k) on the first 
line of ()I.8P starts in [7j and from N = 1. In this paper, we will use in the latter definition, where the sum 

over N starts from N = 1 on the first line of (|I.8[) [see (|III.9|) for the definition of the ring potential in this paper] . 
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FIG. 1: Diagrams contributing to the ring potential (|I.8[) . In the LLL approximation, the wavy lines are free photon 
propagators Dq V and the circles indicate the insertion of vacuum polarization tensor n M „. In this approximation, 
II^i, are calculated using the free fermion propagator in the LLL. 



Here, —k = uj + An n J . To determine the next to leading order term in the effective potential, V r ing 
in the static (zero momentum) limit, an IR divergent term, V e 3, is added to and subtracted from the ring 
potential (JT79J) [3]. It is therefore given by 



V, 



ring 



V e 3+V e 4, 



where 



and 



T 
1 



T 



E 

n=— oo 

T 
+— 



d 3 k 
(2^)3 

d 3 k 



In 1 + 



G(0,0)\ G(0,0) 



+ In 1 + 



F(0,0)\ F(0,0) 



or 



(1.10) 



(2vr) 3 
d 3 k 



_ G{n,tv) ^ G(n,u)) 



In 1 + 



k 2 J k 2 
G(0,0)\ G(0,0) 



+ In 1 + 



k 2 J k 2 
F(0,0)\ F(0,0) 



Carrying out the three-dimensional integration over k, V e z is given by 



T 

12^ 



2G 3/2 (0,0) +F 3 / 2 (0,0) 



^(0,0), 



(1.11) 



(1.12) 



where G (0, 0) = is used. This is the well-known nonperturbative e 3 (or equivalently a 3 / 2 ) contribution 
to the thermodynamic potential arising from the ring (plasmon) part of this potential. As for V e i from 
p. lip , it can now be expanded in the orders of e and is thus given by 



V,- 



d 3 k 
(>)3 

G(0,0) 

CO 2 



E 

2 



+ 



G(n, uj) 
k 2 



V 



+ 



F(n,uj) 
k 2 



+ 



G(0,uj) 



+ 



0J< 



(1.13) 



which is of order e 4 in the QED coupling constant. Note that expanding the logarithms in V e A in the 
orders of e, is only possible because it remains IR-finite. This is the case in QED but not in the confining 
gauge theories like QCD. The ring contribution to the effective potential of QCD is calculated in [ig| . 
where it is shown that, in particular F(0, uj) in 13|) is a so called "dangerous" term containing a 
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logarithmically divergent part. To remove this term, it is necessary to go beyond the static limit. This 
is done in [ljj], where it is shown that the plasmon potential in QCD effective potential contains besides 
the gf-term a contribution of order g** In g s at any non-zero temperature. This contribution arises from 
the term EL^n = 0,k ^ 0) in the IR limit. 

In the present paper, we are in particular interested in the ring improved effective thermodynamic 
potential of QED in a strong magnetic field. It is believed that at weak coupling, the QED dynamics is 
dominated by the LLL. It is known that in the regime of LLL dominance the ordinary four dimensional 
QED is reduced to a two dimensional confining theory, like QCD, where the original chiral symmetry 
is broken by a dynamically generated fermion mass. Comparing to (l9j ]. we expect therefore to have 
some "dangerous" logarithmically divergent terms in the plasmon potential, if we use the static (zero 
momentum) limit (n = 0, k = 0). To avoid these types of difficulties, we will determine, in the next 
section, the general structure of QED vacuum polarization tensor in the IR limit n = (or equivalently 
ko — > 0) as a function of finite three-momentum k. To determine the ring potential in the limit of weak 
and strong magnetic field, we will use (jl.8p . where only n = is considered. 



II. QED IN A CONSTANT MAGNETIC FIELD AT ZERO AND FINITE TEMPERATURE 

In the first part of this section, we will briefly review the characteristics of QED in a constant magnetic 
field at zero temperature. In particular, we will consider the fermion and photon propagators in a 
strong magnetic field, where the QED dynamics is dominated by LLL. Then, in the second part, we will 
determine QED vacuum polarization tensor in a constant magnetic field at finite temperature and in a 
certain IR limit. 



A. Fermions and photons in a strong magnetic field at zero and non-zero temperature 



Let us start with QED Lagrangian density at zero temperature 

C = $ (i^Df- - m) V> - \F^\ (II.1) 

where D ext ' = + ieAff (x), with the gauge field = A ext ' describing an external magnetic field. In 
this paper, we will choose the symmetric gauge 

A f' = J (0,Z2,-S1,0), 

that leads to a magnetic field in the X3 direction. From now on, the longitudinal (2:0,^3) components 
will be indicated as X11 and the transverse directions (xi,X2) components by xj_. The free (bare) fermion 
propagator of a four dimensional QED in a constant magnetic field at zero temperature can be found 
using the Schwinger's proper-time formalism 28( from (i^^D^ 1 ' — m) _1 . In the above symmetric gauge, 



the free fermion propagator in a constant magnetic field is given by 



S F (x,y) = exp\^(x-yrA e f r t -(x + y)\S(x-y) 

= e^ eabxayb S(x-y), a, b =1,2. {11.2) 
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Here, the first factor containing the external A^' is the Schwinger line integral 28] and S(x — y) is a 
translationally invariant part, whose Fourier transform is given by 



o 



exp I is [fejj 



x 



eBs cot(eBs) 

| (m + 7 11 -k||) (l + 7 1 7 2 tan(e5s)) - ■ k ± (l + tan 2 (e5s)) |. (II.3) 



Here, ky = (ko,ks) and 711 = (70,73) and k^ = (^1,^2) an d 7_i_ = (7i 5 72)- After performing the integral 
over s, S(k) can be decomposed in Landau levels, that are labeled by n 



D n (eB,k) 



n=0 



/s 2 — m? — 2\eB\n 



(II.4) 



Here, D n (eB,k) are expressed through the generalized Laguerre polynomials as 



D n (eB,k) = (7II -kii +m) I 2 O 



L n (2p) - L n _! (2p) 



+ 4 7 ± -fc±4 1 -i(2p)}, (H.5) 



where we have introduced p = and 



O = - (1 - i 7 1 7 2 Bign( ft B)) . 



Relation (|II.5|) suggests that in the IR region, with |k|||, |kj_| <C i/|eB|, all the higher Landau levels with 
n > 1 decouple and only the LLL with n = is relevant. In strong magnetic field limit, the free fermion 
pro pagator (|II.3|) can therefore be decomposed into two independent transverse and longitudinal parts 



22 



Slll(x,v) = S||(x|| - y||)P(x_L,y_0, 



with the longitudinal part 



<S||(x|| - y||) 



d 2 k\\ 



jk, r (x-y)H 



iO 



7II • k| — m 



and the transverse part 



r>/ \ \ eB \ ( ieB ab b 

P(*±,y±) = ^ ex P ( — e x y 



\eB\ 2 
— 7- (x± - y±) 



0,6 = 1,2. 



(II.6) 



(II.7) 



(Hi 



As for the pho ton propagator of QED in an external constant magnetic field, it is calculated explicitly 
in 



20 . l22l . [29J in the LLL at one-loop level. It is given by 



t g^ 

g 2 ' g 2 gf ' g 2 + g 2 n(g 2 _,gj) (g 2 ) 2 ' 



(II.9) 



where £ is an arbitrary gauge parameter. Since the LLL fermions couple only to the longitudinal (0, 3) 
components of the photon fields, no polarization effects are present in the transverse (1, 2) components of 
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20, 



221 



T> fiu (q). Therefore, the photon propagator in the LLL approximation including the one- loop correction 
is given by the Feynman-like covariant propagator 



+ q|n(q|,qj_ 



(11.10) 



with U(q 2 _,q 2 ) having the form [30] 

ml, 4) 



2a\eB\N 



f 



4m dyn. 



(11.11) 



where Nf is the number of fermion flavors. Here, H(z) is defined by 

1 



H(z) 



In 



2y/z(z-l) \Vl 



(11.12) 



Expanding this expression for |qjj| <C m 2 dyn <C \eB\ and m 2 dyn <C |q|| <C \eB\, we arrive at 



n(ql,q^ 



+ 



a\eB\N f _ 

37Tm dyn. 



n(ql,q 



2a|e£|iV 



e 2FsT 



for 
for 



7r q 



Iqjjl < ™|/n. < 



m dj/n. < |qf I < |e-B|. 



(11.13) 
(11.14) 



20, l22|, it is shown that the kinematic region mostly responsible for generating the fermion mass 

<C |qjj| <C \eB\. Plugging (|II.14[) in the photon 



In 

is with the dynamical mass, md yn ., satisfying 
propagator (|II.10p and assuming that |q^_| <C \eB\, we get 



dyn. 



with 



Mi 



2a\eB\N 



f 



7T 



(11.15) 



where M 7 is the finite photon mass, whose appearance is the result of the dimensional reduction 3 + 1 — > 
1 + 1 in the presence of a constant magnetic field. 

The dynamically generated fermion mass in the LLL approximation is determined in 20J by solving 
the ladder Bethe-Salpeter (BS) equation in the LLL approximation. It is given by 



m 



(i) 

dyn. 



C V eB exp 



(11.16) 



where the constant C is of order one. In 3lf] , the same result is determined by solving the corresponding 
SD equation in the ladder LLL approximation. In both methods, to determine (|II.16j) in the ladder 
approximation, the free fermion propagator in the LLL approximation (|II.6j) - (|II.8j) with m = mdyn. 1S 
used. In this approximation, the full photon propagator are also replaced by free photon propagator in 
the covariant Feynman gauge 



(11.17) 



In 



2l[ two-loop contribution to the corresponding SD equation arising from composite effective action a 



la Cornwall-Jackiw-Tomboulis 



32l | in LLL approximation is considered. Here, the full fermion propagator 
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in the LLL and the full photon propagator in a covariant and a non-covariant gauge is taken into account 
in the two-loop level. In the improved rainbow approximation, defined by the photon propagator in a 
non-covariant gauge, the expression for rridyn. takes the following form 21] 

m dyn . = CyW\F(a) exp (- ^^J , (H18) 

where F(a) ~ (iV/a) 1/3 , Ci ~ 1.82 ± 0.06 and C ~ 0(1). 

In this paper, we work with fermion and photon propagators at finite temperature. To find the free 
fermion propagator at finite temperature, we will turn into the Euclidean space by replacing s — ► —is 
and ko — ► icD^ in (III.3j) and find [16] 

S e (k) = -i dse s ^e +k 3+ k ± \ eB \ a + m > 
Jo 

x[(-w £7 4 - /c 3 7 3 + m)(l -nVtanhdeBls)) - 7" 1 • k ± (l - tanh 2 (|e£|s))]. (11.19) 

In the following, we indicate the Matsubara frequencies in the fermionic case with Cog = (2£ + 1)ttT and 
those in the bosonic case by u n = 2n-irT. Next, the free photon propagator D^J(k) and the full photon 
propagator D^ u (k) in a constant magnetic field and at finite temperature are given by [3] 

bfb^ 



4 1 h^h*^ 

V, v (k , k) = -J2 (h2M 77 7 £ V „ v (H.20) 



where Kj and 6// are eigenvalue and eigenfunctions of the vacuum polarization tensor 11^, i.e. 

lWfc)&W =Ki(fc)6W. (11.21) 

In (jll.20[) /eg is the Euclidean four-momentum and kg = 47r 2 n 2 T 2 + k 2 . In the next paragraph, we will 
determine Ki(k) in the IR limit i.e. for ko — > (n = 0) but finite k. Then, using the eigenfunctions b^\ 
QED vacuum polarization tensor U flu (ko, k) will be diagonalized and eventually determined in the IR 
limit. 



B. QED vacuum polarization tensor in a constant magnetic field at finite temperature 

In [2] it is shown that the vacuum polarization tensor 11^ in the presence of external magnetic field 
and at finite temperature can be diagonalized as 



n^(/c ,k) = Ki(fco,k) 



1=1 



(11.22) 



where Ki and b^} are defined in pi. 211) . This relation can be proved by plugging it back in (111.21}) and 
using the property b^ /fr^C?) = 0, Vi ^ j. According to the results in 15], the eigenvalues K{ in the 
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with 



Minkowski space are given by 

Ki, 2 (*0,k) = 1{p + S± [(P-5) 2 -4Q 2 ] 1/2 |, 
K 3 (feo,k) = fl, K4 (A:o,k) =0, (11.23) 

9 / \ (u- k) 2 (k- F 2 ■ k) 

P(ka,k) = ^Tn + ik-F 2 ^)^-- ^vr 4 

V 7 (k-F 2 -k) 

_ ( U .k)(u-F.k) ( k-F 2 -k \ l/ \ 
g( "°' k)= (fc.^.fc) I ~ J " 4 

fl(ifeo,k) = fc 2 vri - (jfe • F 2 ■ k)TT 2 + 2 T k 2 7t 3l (11.24) 

where the notation a ■ b = a p b p is used. Here, F pu is the field strength tensor, F pv the dual tensor 
Ffj,u = \ty.vpcrF pa , u = (1,0,0,0) the rest frame vector in the Minkowski space, k 2 = k\ — k 2 and 
J 7 = —\F ll pF plL . Assuming that there exists only a magnetic field Bg = \et mn F mn directed along the 
3-axis (i.e. B = Be^), we get F\2 = —F21 = B. The other components of Fn U vanish. For the dual 
tensor F^ only the components F03 = — -P30 = B survive. 

Considering again (|II.24|) . 75, % = 1, 2, 3, 4, are the coefficients of the expansion of as a second rank 
tensor in certain basis^TQ 

4 

n^(ko,-k) = Y,Ki{(u-k) 2 ,k-F 2 -k,F,k 2 )^l (11.25) 
i=i 

where the basis are second rank tensors, that are built up from four vectors k p , F pp k p , F pfl F^ u k u , 
and u p . 9 They are given by 

k) = k 2 g^-kpk u , 
tfg)(fco,k) = F^k x F ua k% 

*j8(*M0 = (u, - ^) _ M^l) , (IL26) 

where VE^, i = 1, • • • ,4 satisfy = ^/l, Vi. It is the purpose of this section to determine P, Q, S and 
R from pi.24p and eventually Ki, i = 1, • • ■ ,4 from pi.23p in the IR limit where kQ is taken to zero but 
k is nonvanishing. This will enable us to determine the ring contribution of the effective potential in the 

IR limit. To do this we have to determine 7Tj, i = 1, • • • , 4 from ()II.25|) explicitly. Multiplying (|II.25|) with 

(i) 

and adding over u, we arrive at 

4 

V j = ^2A ji Tr\ (11.27) 

i=l 



9 In Minkowskian space there are indeed 16 independent tensors But, as it is shown in [TBI, for zero chemical potential 

and due to symmetry properties only 9^1, i = !,••■ ,4 from (|II.26|) are nonvanishing. 
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where V 3 = IP"^ and A ij = tfWf^g)- 

To calculate Xj, we consider pi.27|) first as a generic system 
of equations in terms of generic V 3 and A 3% . Solving this system of equations 7Tj are given by 

TTl = Y ( A22A 34 + ^23^44 - ^32^33^44) + y (^14A 23 A 3 4 - A 12 Aj 4 - Ai 3 A 23 A 44 + ^13^33^44) 

+— (-A22 (A14A34 - Ai 3 ^4 4 ) - ^12^23^44) + y (-A 14 A 2 23 + A22 (A14A33 - A13A34) + A 12 A 23 A 34 ) , 



7T2 



Y (-^14^23^34 + A13A23A44 + A12 (A 2 34 - A33-444)) + y (~ A u (A U A 33 - 2^i 3 A 34 ) - Aj 3 A 
-A n (A 2 34 - A33A44)) + y ( A u A 23 - A 12 (A 14 A 34 - A 13 A 44 ) - AnA 23 A M ) 
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Pi 

Y 



{A 12 A 14 A 33 + AuA^Am - A 13 {A 14 A 23 + A12A34)) . 



= Y (^22 (^14^34 - ^13^44) + ^12^23^44) + y (Au {A 14 A 23 - A 12 A 34 ) + A 44 (A 12 A 13 - A n A 23 )) 

"p T> 

— (A 2 M A 22 + A 44 (A\ 2 - A n A 22 )) + — (A 14 (A 13 A 22 - A 12 A 23 ) + A 34 (A 2 2 - A n A 22 )) , 



Y 



Vi 



v 2 



■ 1 = — (Au {-A 2 23 + A 22 A 33 ) + A 34 (-A13A22 + ^12^33)) + — {A u {A 13 A 23 - A 12 A 33 ) + 

V 3 



A 34 (A 12 A 13 - A n A 23 )) + ^ (A u (~A 13 A 22 + A 12 A 23 ) + ^ 34 (-A\ 2 + A n A 22 )) 



Y 

Va 

— ( A is A 22 + An (-2A13A23 + A 12 A 3 3) + A n (A 2 23 - A22A33)) , 



(11.28) 



with the denominator 



Y 



Aj 4 (A 2 23 - A 22 A 33 ) + 2^14^34 (^13^22 - ^12^23) - -4n^22^i 4 - A\ 3 A 22 A m 



+2^12^13^23^44 - A^A^A^ + ^11^22^33^44 + A? a (AW - A 33 A 
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As next we have to calculate A 13 and V 3 from f|II.27|) . Here, A ij can be determined using the from 
(jll.26j> . They are given by 



A 11 
A 12 
A 13 
A 14 
A 22 
A 23 
A 24 
A 33 

A 34 
A 44 



3(k 2 ) 2 

k 2 (k-F 2 -k) = -B 2 k 2 k 2 ± , 

(k 2 ) 2 tr(F 2 ) + k 2 (k.F 2 -k)= B 2 k 2 (2k 2 + ki) , 



; 2 2 

k u 



(u ■ ky 

, 2 



(k-F 2 -k) = £? 4 (k 2 ) 2 , 
k 2 (k ■ F 4 ■ k) = —B 4 k 2 k 2 ± , 
0, 

(k 2 ) 2 tr(F 4 ) - 2k 2 (k-F 4 -k) + (k-F 2 -k) 2 = B 4 (2(k 2 ) 2 + 2k 2 k\ 
(k ■ F 2 ■ k) (u ■ k) 2 



B 2 k 2 k\ 



1 



k 2 

2(u ■ k) 2 + (u ■ k) 4 



k 2 



1 



? k 2 k 4 



k 2 (k 2 ) 2 k 2 (/C 2 ) 2 ' 

where the rest frame constraint UpF^ = and the following relations are used 



(ki) 2 ) 



(11.29) 



k-F-k = 0, k-F 2 -k = B 2 k 2 ,, k-F 4 -k 



4i,2 



-£ 4 k 



tr(F 2 



-2B 2 



ti(F 4 



2B" 
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Other components of A 31 are determined by the symmetry property A 3% = A 13 ■ To determine V 3 from 
(jlPTj) . we use from (HL26D and A^IF" = to get 



= fc 2 tr (n) = /c 2 ^n 00 - Ui ^j 



V 2 = -k-F-U-F-k = B 2 (-k l k 2 U 2 i + kfu 22 + k$a n - hk 2 U 12 ) , 

v 3 = -khr (n • f 2 ) = -B 2 k 2 (n n + n 22 ) , 
= u ■ n • u = rioo- 



(11.30) 



The components of QED vacuum polarization tensor ILj„ in a magnetic field at finite temperature are 
explicitly calculated in [16f] using the Schwinger proper-time formalism 28]. 10 To determine V 3 we need 
only the components II«„ (n, k) with [i = 1, • • • ,4, and II12 (n, k) of the vacuum polarization tensor. In 
the Euclidean space, they are given by 



IIjj(n,k) = =— / dny 7 ^ / dv > e*" 



uj n Wi n cothu 



sinh iti> 
sinhn 



+(k 2 k 2 ) ^ cos ^ u ~~ cos ^ uv ^ -\- ^i) (cosh, uv — v coth u sinh uv) 



sinh u 

+1 



sinhn 



* = 1,2, 



n 33 (n,k) = f°<W^ / rf« E e^"'^ 



V LO n Wl n COth « + 



k^ (cosh uv — v coth u sinh mu) 2 (l 



II44 (n, k) = -=- I du^fu I dv y 



sinh u 



4> n (u,v;£) 



coth u 



k^ (cosh uv — v coth u sinh w) 



2 

n 12 (n, k) = +^S- HduVu- f +1 dv y a^^ ^^-^^I 

V 71 " 7* 7-i /— ' sinh 15 



sinhu 

•+1 + x 



coth-u [ - - 2Wl + 



'\-v l 



u 



'In 



(11.31) 



^=-oo 



where kj_ = (ki,k 2 ), u = ueB and 4> n (u,v;£) is defined by 

k^ (cosh u — cosh uv) 



(j) n (u,v;£) 



eB 



2 sinh u 



u 



[m 2 + W 2 n + 



(1-v 2 ) 



+ *!)]• 



In all the above expressions Wi n = &£ — ^-^-uj n , where £)g and to n are the Matsubara frequencies of the 
fermionic and bosonic fields, respectively. 11 In the IR limit n = (or equivalently k$ — ► 0) they are given 



10 To determine the vacuum polarization tensor IT^ in the Schwinger proper-time formalism, it is enough to replace the 
free fermion propagator in ordinary Tl^ by the free fermion propagator in the constant background magnetic field arising 
from Schwinger proper-time formalism. At finite temperature, this is done in to determine n M „. 

11 Note that compared to the results in [l^], there are some temperature independent contact terms missing in the above 
expression. We will omit them here, keeping in mind that they are relevant only to cancel temperature independent 
imaginary terms in Sect. III. A. 
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by 



TT 11 (n 
11 l ll 


— U, K| 


— Oh 2 T, _L h 2 T-, 

— ZK 2 J-i i K 3 1 li 


rr22 i 

11 [n 


n "I \ 

= 0, k) 


o 1 2 r i 7 2 r 
= 2fc 1 i 4 + fcg/l, 


n 33 (n 


= 0,k) 


= ki/ l5 


n 44 [n 


= 0,k) 


= k\h+ klh ~ 


n 12 (n 


= 0,k) 


= -2kik 2 h, 



(11.32) 

where the integrals = 1, • • ■ ,4 can be determined using pi.3ip with n = 0. For future purposes, we 
will separate Ij, i = 1, • • • ,4 in a temperature independent part if and a temperature dependent part 
if. This can be done using the Possion resummation formula 



that leads to 



l=— oo £=— oo 



+oo 1 



£ 2 i 



T\fjTu^-^ 2T\Tku' 
v <2>i v 



and 



?=-oo V 7 v £>1 



We arrive therefore at Ii = if + if , i = 1, ■ ■ ■ ,4 with 
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aeB f°° l +1 <t>(u,v) (cosh ui; — vcothnsinhiiw) 
47T 7 i 7_! sinhu 

aeB f°° f +1 ^fuv) V"V ^ 2 (coshm; — ^coth wsinhu?;) 



If = -°^- du [ dv e^ Y(-lfe 
27r Jo J-i 

I 2 ° = o, 



sinhu 



it 2 



aeB 



oo /•+! 



JO = ^ y d„ e ^)(l-7; 2 )cothn, 



aeB 
2vr 



/ du / cfo e* (u,u) V(-l)V3^(l-w 2 )cothu, 



. = _oe£ /-^ f^ dv e ^ v) (cosh «- cosh uv) 
4-7T J i 7_i sinh 3 u 



H = ~ r ^ [ +1 dv fV-ljViS* (COSh "" 3 COSh ^ ) , (11.33) 

27r Jo V-i ^ smh^n 
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In [10|, a similar method is used to separate II44 into a temperature dependent and a temperature independent part. 
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where <j>(u,v) = (f>o(u,v;£) + uWf Q . Plugging now IP" (n = 0,k) from (ITO^) in (HL301) . Vi, i = 1, • • • , 4 
in the IR limit are given by 

Pi (A* - 0,k) = k 2 (2k 2 /! + 2ki/ 4 + klh - h), 

V 2 (k - 0, k) = £ 2 ki (2ki/ 4 + fcfli) , 

P 3 (to - 0, k) = + J B 2 k 2 (2A;l J r 1 + 2k 2 J 4 ), 

P 4 (to^0,k) = -ki/ 1 -to 2 / 3 + / 2 . (11.34) 

Plugging further ,/P from (fTTT29|) and P j from (|TT734|) in fjIT728|) and taking carefully the limit to 0, 
7Tj, i = 1, • • • ,4 can be determined in the IR limit. They are given by 

h (fcfk 2 + 3ki) + I 2 {2k 2 - k 2 ) + h (fefki - 2fc|) + 2I 4 ki 

7Tl = 



7T 2 



2kik 2 

Ji (j4 - 3fc|kjj + J 2 (2fc 2 - k 2 ,) + h (jjkj - 2fc|) + J 4 (4fc 2 k 2 + 2kj) 

2B 2 fc 2 k 2 



h (fcf kj - kj) + I 2 (kj - 2fc 2 ) + J 3 (2fc| - fcfkjj - 2J 4 kj 
713 ~ 2B 2 k 2 K 2 ± 

h (fegkj + kj) + I 2 (2fc| + kj) - J 3 (2fc| + fcfkj) + 2J 4 kj 

7T 4 — , ^ll.CSOJ 

where U = if + f[ ,i = 1, • • • ,4 are given in (|II.33|1 . The above information are enough to determine 
Ki,i = 1, • • • ,4 from (|II.23j) in the IR limit. To do this, let us replace 7Tj, i = 1, • • • , 4 from ()II.35|) in 
(1TL241) to get 

P(to -► 0,k) = -k 2 vri - B 2 k1ir 3 = -k 2 Ii 
Q(to ->0,k) = 

S(to -> 0, k) = -k 2 vn + tt 4 = -k^/x + / 2 - klh 

R(k -> 0, k) = -k 2 vri - B 2 k 2 7r 3 - B 2 k 2 ± TT 2 = -k 2 h - 2k 2 ± h. (11.36) 
Thus, in the basis of bf from ijlOB . QED vacuum polarization tensor in the IR limit to ^ reads 

IV(to -> 0,k) = J>,(to - 0,k) f " (11.37) 
i=i ( ^ ^ J 

where «i(to — > 0, k) are determined by plugging (|II.36|) in (|II.23|) . They are given by 



Ki(to - 


-o,k) 


= P(k - 


-0,k), 


/t 2 (to - 


-o,k) 


= S(k - 


+ 0,k), 


t 3 (to - 


-o,k) 


= R(ko - 


+ 0,k), 


K 4 (to - 


-o,k) 


= 0. 





(11.38) 

In the next section (|II.36[) - (|II.38j) will be used to determine the ring potential of QED in a constant 
magnetic field at finite temperature. 
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III. QED EFFECTIVE POTENTIAL FOR T ^ AND B ^ BEYOND THE STATIC LIMIT 



In this section QED effective potential in a constant magnetic field at finite temperature will be 
determined in an approximation beyond the static limit. It receives contributions from the one-loop and 
ring (plasmon) potentials. Let us first look at the one-loop part of the effective potential, which is 



331 ] for constant magnetic field and zero chemical potential. It is given by the following 



calculated in 
integral over the Schwinger parameter s 



V {1) (m,eB;T) 



2eB 



P Jo 

Here, (5 is the inverse of temperature (3 = ^ and 



ds 



e 2 (o\is 



4-rr ■> 



(47TS) 



coth(sei?)e 



(III.l) 



8 2 («|r) = 2 J2 e i7rr ("+2) 2 cos ((2n + 1) u) , 



(III.2) 



n=0 



is the elliptic 0-function of second kind. The above potential can be separated into a temperature 
independent part, Vq 1 ^, and a temperature dependent part, 



V {1) (m, eB; T) = V^ l) (m, eB; A) + V^p (m, eB) 



To do this, we use the identity [371 ] 

e 2 («|r) 

where 



1/2 



e 7rr 



e 4 (n|r) = 1 + 2 ^2(-l) n e inn2r cos (2nn) , 

n=l 

is the fourth Jacobian 0-function. Using the above identities and the series expansion 

oo 

cotht = 1 + 2 ^2 e 



(III.3) 



(III.4) 



(III.5) 



-2mt 



m=l 



the temperature independent part is given by 



V W (m, eB; A) = — /, 3 



eB 



ds 



8vr 2 / 1 s 



+ 2 E' 



-s(m 2 +2eBl) 



eB 
8^ 



m 



T + 2^ (m' + 2eBi) r(-l, 



m' 



+ 2eB£) 



A 2 J 



A 2 



(III.6) 



There are different equivalent methods to determine the one-loop effective potential in the presence of constant magnetic 
field. One of these methods is to use the Schwinger proper-time formalism [20], where the one-loop effective potential 
is defined by V^ 1 ' = — iS7 -1 Trln S" 1 . Here, f2 is the 4-dimensional space-tine volume, and S is the free propagator of 
massive fermions in a constant magnetic field with m (|II.2[1 - (|II.3[) [for a definition of one-loop effective potential in LLL 
approximation see (|A.4p in Appendix A]. The same one- loop effective potential is calculated in [33J using the worldline 
formalism [34|]. Although this method is different from the well-known Schwinger proper-time formalism, but the final 
result for the one-loop effective potential is the same as in the Schwinger's method (see [35I ] and [36|] for recent example 
on the equivalence between these two methods). 
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with A the ultraviolet (UV) cutoff, and T(n,z) = J°° dt t n 1 e t the incomplete T-function. The tem- 
perature dependent part of the one-loop effective potential 1[) reads 



eB 



n=l 

oo 



ds 



7T- 



n=l 







v-^ / ds -\s{m 2 +2eBt)+ 1 - 

e=i J 



=i 



n(3 



(III.7) 



where K n (z) is the modified Bessel- function of the second kind defined by 



dxx"- 1 exp ( -t - lx \ = 2 (£\ 2 K v fey/fa 



(III. 



Next, we will focus on the ring contribution to QED effective potential, that will be determined in the 
IR limit. The general structure of the ring diagram is given by 



V, 



ring 



T +^ r d 3 k " (-l) N 
2 ^ J (2tt)3 N 

n=-oo J v ' N=l 



+oo 

E 



d 3 k 

d 3 k 
(2^f 



D$(n,k)n«*(n,k) 



v 



ln[l + ^(° p )(n,k)n^(n,k)]. 



(III.9) 



To simplify this potential we use the definition of the free photon propag ator D$(k) from (|TL20l) and 
the vacuum polarization tensor H^ u (k) from (|II.22p . and arrive at 



ii 



V r i n g(m,eB;T) 



I E 



2 ^ J (2vr) 

n=— oo x ' 



d 3k Y^i A Ki(fc ,k) 

— 3L k 1 



i=l 

2 _ i,2 , /i_2^2^2 



1.2 
E 



(111.10) 



where for Euclidean four- momentum A;_g, we have = k + 4jt n T . Here, the orthogonality of the 
eigenfunctions from f)II.21|) and the relation b^b*^ = 0, Vi ^ j are used. To take the IR limit of this 
potential, we set n = or equivalently fen — ► in (Aft, k) as well as in fc^. We arrive therefore at 



VZ i r t (m,eB;T) = -- 



d 3 k 



EM 1 



Ki(/c ->• 0,k) 



(III.ll) 



2 7 (2vr) 3 ^ V k2 

where «j (&Q — > 0,k) are given in (|II.38|) . To compare this result with the result (|I.1|) from [lcl . [ll|, let 
us consider the static (zero momentum) limit k — ► in (1III.11|) . Using the (|II.38j) and (1II.36|) and taking 
k —* 0, we have 



«i(0, 0) = 0, for j = 1,3,4 and k 2 (0, 0) = 5(0, 0) = I 2 . 



(111.12) 



14 To build the ring potential, we have used the free (bare) photon propagator D$ (k) to be consistent with the result from 
our one-loop effective potential throughout this paper. Note that the fermion propagator that are used to determine the 
polarization tensor II M „ in the ring potential, are free propagator of massive fermions in the LLL approximation. This is 
also consistent with the approximations used in this paper. 
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Further, using (|II.32j) . «2(0, 0) = I2 = —1144(0, 0). Continuing into the Minkowski space we have K^ mk ' = 
— IIoo = II44 = — K2- Plugging this result in the ring contribution to QED effective potential in 

the static limit reads 



T 
2" 

T 

"4^2 



d 3 k A / «f k - (0, 0) 

^3 1 



(2nf 



i=l 



A 



k 2 dkln ( 1 + 



k 2 

n o(o,o 
k 2 



T 
2" 



T 

12n 



d 3 k 

-1 3/2 



In 1 



n o(o,o) 
k 2 



n 00 (0, 0) 



+ A dependent terms. 

(111.13) 



Taking the Higgs mass m(v) = 0, this result indeed coincides with 1 j) from 

HQ- 

The ring improved effective potential for QED in a constant magnetic field at finite temperature is 
therefore given by adding the one- loop effective potential pil.6|) - pil.7|) and the ring (plasmon) potential 
(|TlLT0l) 



eB 

V eff {m,eB;T,A) = - — 

OTT z 



m 2 T (-1, ^ +2j2i m2 + ZeBl) T ( -1 



+ 2eBl) ' 



A 2 



7T Z 



n=l 

boo 



2 ^ J (2vr) 3 ^ V 



^=1 

k 2- 



n/3 



(111.14) 



In the following two paragraphs, we will determine QED effective potential V cfi in the limit of weak and 
strong magnetic field. 



A. QED effective potential in the limit of weak magnetic field 

The weak magnetic field limit is characterized by eB <C m 2 <C T 2 . To determine the effective potential 
in this limit, let us first consider the one-loop effective potential (jlll.ip . Expanding coth(ei?s) on the 
right hand side (r.h.s.) of fllll.lj) in the orders of eB up to second order, we get 

To separate (|III.15|) into a temperature independent and a temperature dependent part, we use (|III.4D 
and (|III.5p and arrive first at 

V^n,eB;T) _ * (i + e — (l + tgl-lf + - ■ (m.16, 

Here, the integration region S spans over s G [^,oo[ for the temperature independent part, and over 
s G [0, oof for the temperature dependent part. Using the definition of the incomplete T-function, 
T(n,z) = f™dt t n - l e-\ as well as (jllLHl) . the one-loop effective potential can be determined in the 
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limit of weak magnetic field up to second order in eB 



y(l)/weak eB . T ) 



f 

oo 



m 4 r -2, 



A 2 



+ 



r o, 



m 
A 2 



4^(-ir 

n=l ^ 



4m 2 (eB) 2 
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To determine the ring contribution to the effective potential in the limit of weak magnetic field, let 
us consider . where K\ (0, k) , i = 1, • • • ,4 are given in (|II,38p . To determine Ki in limit of weak 

magnetic field, we have to evaluate P, S and R from pi.36p . and consequently the functions i = 1, • • • , 4 
from 01.33)1 in this limit. To do this we expand /« up to second order in eB. Assuming <C eB <C k 2 
and neglecting therefore the terms proportional to k^ei?) 2 [3], we arrive first at 15 
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To perform then the integrations over u and u, we expand the above expressions in the order of ^j.We 
get the following general structure 



I? = a° + K I b° for 4 = 1,3, 
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as well as 
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(111.19) 



where, the temperature independent parts are 16 
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In the following, I4 will be skipped since, as it turns out, the ring potential in the limit of weak magnetic field is determined 

only by h,i = 1.2.3 [See (|III.22|) ]. 

Note that the temperature independent part consists of imaginary terms. These terms cancel the contact terms in (|II.31[l 
[see footnote 11]. 
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and the temperature dependent parts are 
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To evaluate P, S and R from (|II.36|) in the limit of weak eB, we use again k 2 <C e-B <C /c 2 . 38]. The most 
dominant terms in «j(0, k) are therefore given by 

eB 

klh + h + o[^ 
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Plugging as next these expressions in (jlll. 1 1[) . the ring potential in the limit of weak magnetic field is 
given by 

d 3 k r / u2 u2 
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To perform the integration over three-momentum k, we will use the same procedure as was discussed 
in part B of the Introduction. Adding and substracting an appropriate integral to the ring potential 
pil.23|h whose integrand is independent of /c|, we arrive at 
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and the cutoff (A) dependent part 
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Performing the integration over k in V^' we get 
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whereas for Vjl ng we have 



Ki 9 ^aTO (A 3 ) . 



(111.28) 



Note that Vjl np can be derived by expanding the logarithms in (|III.26|) and performing the three dimen- 



sional integration over k using a momentum cutoff A. Neglecting now the cutoff dependent terms, we 
arrive at 
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Here, the proportionality constant C = 0(1). To compare this result with the ring potential in the 
leading static limit, (|III.29|) will be evaluated in the high temperature expansion mf3 — > 0. This can be 
determined from the behavior of Bessel functions in this limit 



and the Bessel function identities 



£ ^o(fe) cos (#) = - ( 7 + In + C (z, 0). 

Here, 7 ~ 0.577 is the Euler-Mascheroni constant and 6*0(2:, 0) is given by 
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where the notation indicates that singular terms are omitted when £ = 39]. Deriving ()III.31|) with 

he fact that 9 q\^ 

OO 

E(^)Ki (A*) cos (£<f)) =-^ + d(z, 0), (111.33) 



respect to lnz and reminding the fact that 9 gi^ z J = —zK\{z), we get 
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Choosing now v = 2 as well as x = £m(3 in (|III.3Q|) and z = m/3 as well as <f> = ir in f|III.31|) - (|III.34() . and 
plugging (|III.30p in the numerator and (jIII.33|) in the denominator of (jIII.29p . we arrive first at 
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Expanding now Ci(m/3,7r) in the denominator of ()III.35|) in the 



orders of m/3 and using C\{m(3 } n) 
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The first term is the usual a 3 / 2 contribution to the ring potential from the static limit [lol . [ill . Q] [see 
also part B of the Introduction and in particular (|I.12|) ]. The second term, however, arises only in the 
IR limit. It is a consequence of the additional b\ term in the denominator of V r i ng from (|III.29|) . The 
above result (|III.29|) can be viewed as a nonperturbative correction of QED effective potential in addition 
to the perturbative loop corrections to this potential. Note that in QCD at finite temperature and zero 
magnetic fields o?J 2 and a J 2 terms are calculated using Hard Thermal Loop expansion (see [l?], [3] and 
references therein). The above result are relevant in studying the standard electroweak phase transition 
in the presence of weak external magnetic field [3] • 



B. QED effective potential in the limit of strong magnetic field 

The strong magnetic field is characterized by m 2 <C T 2 <C eB. To determine QED effective potential 
in the limit of strong magnetic field, let us consider first the one-loop effective potential 1|) . For 
eB — > oo pil.ip is given by 

VW{m, eB; T) = f° ds ® 2 {°\ ls w) ^ sm ^ (ffl 3?) 

P JO (47TS)2 

where coth (eBs) f« 1 is used. To separate (|III.37|) into a temperature dependent and a temperature 
independent part, we use (|III.4|) and (|III.5p and arrive first at 

V^(m,eB;T) = -^ jf * (l + 2^-1)^^ e' sm \ (111.38) 

where the integration region S spans over s S [-p-,oo[ for the temperature independent part, and over 
s G [0,oo [ for the temperature dependent part. Using the definition of the incomplete T-function as well 
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as pil.8p . the one- loop effective potential in the limit of strong magnetic field is given by 

VW*— (m,eB;A,T) = -0 jm 2 r (-1,^) + ^£^JT-i ■ ( IIL39 ) 

To determine the ring contribution to QED effective potential in the limit of strong magnetic field, let 
us consider Oil. lip with Kj(0, k),i = 0, • • • ,4 from 01. 38ft . To determine Ki, i = 1, ■ ■ ■ ,4 in the limit 
of strong magnetic field, we have to evaluate P, S and R from (|II.36|) . and consequently the functions 
= 1, • • ■ ,4 from OI.33P in this limit. Note that in a strong magnetic field at finite temperature, 
as in the zero temperature case, QED dynamics is dominated by LLL, where the chiral symmetry is 
dynamically broken as a consequence of the external magnetic field. As we have mentioned in Sect. II. A, 



the LLL is characterized by fcf , <C eB and a small dynamical mass m 2 <C eB [20|, [22[] . Keeping these 
facts in mind, it is easy to determine the most dominant 1{ among Jj, i = 1, • • • , 4 in the limit of strong 
magnetic field. A simple calculation shows that in the limit eB — * oo only I2 and I3 survive. They are 
given by 
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Plugging OII.40P in OI~36j) . we get 

P,]? eB -T0, and S e ^_A; 2 (/° + iJ)+lJ. (111.42) 

Using now the relations (|II.38p . only ^2(^0 — ► 0,k) = S survives in OII.lip . The ring potential is thus 
given by 
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8^ 2 7o v ±J Jo 6 \ (H + K) 

As next the integration over k 3 will be evaluated separately in two different regimes of dynamical mass 
in the LLL. These two regimes will be indicated by fe| <C m 2 <C eB and m 2 <C fc| <C el? [see Sect. II. A 
and in particular (|II.13j) and (|II.14p ], To do this we use the relation 17 

oo rm roc 

dk 3 = / dk 3 + / dk 3 , 

Jo Jra 



17 The same method is also used in [2(j. Here, we have matched the asymptotics at £3 = m. 
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where the first integral J dk 3 corresponds to the first regime k 2 -C m 2 -C eB and the second integral 
dk% to the second regime m 2 <C fc| <C e5 in the LLL. As for the integration (|III.43|) only the phase 
(j) from (jIII.41j) is different in these two regimes. Thus taking 

k 2 

6 w ^- - um 2 for k\ < m 2 < eS, (III. 44) 

k 2 (4 - w 2 ) 

<£ « ±- - ± >-uk\ for m 2 < A; 2 < eB, (111.45) 

in /J, I3 and 1% the integration over u and v can be easily performed. As next, we will determine the 
corresponding ring contribution to the effective potential for these two regimes separately. The results 
will be added eventually. 



i ) Ring potential in the first regime fcf <C m 2 <C eB of LLL 

To determine the ring potential in the fc| <C m 2 <C eB regime in the LLL, we have to calculate first 
the integrals /J, I® and !■[ from (|III.40|) in this regime. Using the phase <j> from (|III.44j) we get 
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Here, using the notation M 2 = 2aeg , we have A 9 = — ^— 7 and 
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00 M 2 00 

A^ = -2M 2 ^(-1)^/3)^(^/3), A^ = --^ ^(-l)V™/?)ifi(W). (HI.47) 
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The ring potential (|III.43|) corresponding to the first regime k 2 <C m 2 <C ei? in LLL reads therefore 

T rIR limit/strong ^ ^ ^ A(\1\ ^Jll |i , C 2eS (^3^3 _ ^) ( CTTT>ISA 

k*«,n'«eB l 1 i) <i * 3lll ( 1+ (ftf+ki) j' <IIL48) 

where A3 = A3 + A3 . Using the expression pn.33|> . A 3 and A^ can be simplified 

M 2 

A 3 = ^Ci(m/3,7r), and A? = M 2 (1 - 2d(mp, vr)) , (111.49) 
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where Ci(z,cp) is defined in (|III.34|) . Performing now the integration over £3 6 [0, m], we get first 

mT 



T7-IR. limit/strong 

ring 



fe|<m 2 <eS 87r2 



/■°° , _ / e - SSk (AT - m 2 A 3 )\ 

/„ "tef^ 1 — J +J ' (m - 



50) 



where 



J = +^ ^ rf(kl)y / kiarctan | -j= J + O (^7=) • ( IIL51 ) 
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Here, an expansion in the orders of -4= is performed, as we are in a regime where m 2 <C eB. To perform 



the integration over the first term in QUI. 50)) . we use the identity 
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where the dilogarithm is defined by 
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Choosing now y — m 2 As) = k 2 ± , x (A^ — m 2 A^) = 2eB and z (A^ — m 2 A^) = m 2 in pil.52j) . the 
ring contribution in the first regime k 2 <C m 2 <C eB in the LLL reads 



t ylR limit/strong 

ring 
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where — m 2 'A3 can be simplified using PII.49P and reads 



Ai - m 2 A 3 = M 2 ( 1 - -Ci(m/3, tt) ) . (111.54) 



As it turns out, the second term on the r.h.s. of ()III.53[) vanishes with the ring potential corresponding 



to the second regime m 2 <C k 2 -C ei? in the LLL. 



ii) Ring potential in the second regime m 2 <SC fcf <C eB of LLL 

As for the second regime m 2 <C k 2 <C e-B, we have to determine I^^i an d /J from (|III.40j) . Taking 
cj) from ()III.45j) . we get 
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Plugging (|III.55j) in (jIII.43)) . the contribution from BI} and B% cancel and we are left with 
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Here, the integration over can be performed and we arrive first at 
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where W / r I ^ onpcrt ' is the nonperturbative, V^g BIt ' is the perturbative part of ^,™g mit/strons 
in pil.50p . The nonperturbative part of the ring potential W™^g° npcit ' is given by 
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To evaluate this integral we have used (lIII.52j) with yM 2 = kj_, xM 2 = 2eB and zM 2 = m 2 . As for the 
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perturbative part of the ring potential, V£^ >ert ' , it is given by the substitution z = It reads 
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^ ' 

Here, we have expanded the integrand in the orders of a and performed eventually the integration over 
z. 



Hi) QED Ring potential in the LLL; the IR limit 

At this stage we are able to give the ring potential in the limit of strong magnetic field at finite tem- 
perature. It is determined by adding the contribution from the first regime (|III.53|) with the contribution 
from the second regime flIII.58j) . It consists of a perturbative and a nonperturbative part 

t 7-IR limit /strong t 7-IR/pcrt . . t 7-IR/nonpcrt . /TTT £11 "\ 

ring ring ' ring ' \ I 

The perturbative part, VJ,™^" 61 *' , is given by (1III.60[> and the nonperturbative part, ^ / °° nFrt ', is given by 
adding up the ring contribution (|III.53j) and (|III.59j) from the first and second regime of LLL, respectively. 
It is given by 

v — - _^ ( Li2 (t _ lc l{mM )) - Li2 (-§)) . ,m, 2) 

Here, we have replaced — m 2 A^ in (|III.53j) by its value from (|III.54j) . It is interesting to examine the 
behavior of the ring potential in the high temperature limit. To do this we use the asymptotic expansion 
of the dilogarithm 

Li 2 (-*) ^ - ~ (In (x)) 2 + l + o(±), (IIL63) 
o 2 x \x z J 

and expand (|III.62j) in the orders of x = ^| and then in the orders of t = m/3 to get 
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where G\ (t, tt) 
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+ 0(i 4 ) is also used. Together with the perturbative contribution to the effective 



potential, (|III.60j) . the most dominant part of the ring potential in the limit 
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The same result will arise when we keep in ()III.62|) fixed and after replacing m 
resulting expression in the orders of t. This means that the two limits eB — ► co, m/3 — > and m/3 — > 
and e-B — > co yield the same result. 



C. Ring potential of QED in the LLL in the static limit; A comparison with the IR limit 

Let us now compare the above results in the IR limit (feo - ► 0) with the ring potential in the static limit 
(ko — ► and k — ► 0). In this case, the ring potential (|III.43|) is only determined by ^2(0, 0) = ij(0, 0) 
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As we have seen in the previous paragraphs, in the limit of strong magnetic field the integration over k^ 
must be separated into a regime where k\ <C m 2 <C eB and a regime with m 2 <C k 2 <C e-B. As for /J i n 
the first regime k 2 <C rra 2 <C ef? ; it is given in (IIII.46I) with ^ from pil.49j> 
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Note that the only difference between the static and the previous IR limit is a factor e~2Ss that appears 
in 7^(0) k 7^ 0) in (|III.46|) . This factor vanishes in the static limit where we take the limit ko — ► and 
k — > 0. In the second regime m 2 < fcg < e.B, I^i^, k 7^ 0) is given in (IIII.55P with Bj from flIII.56|> . In 
the static limit for k — > 0, it is, however, given by 
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where e is an IR cutoff. Using now the definition of the Bessel function (1III.8I) . we get 
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Here, we have used (|III.33|) and the fact that Ci(y/e,7r) from (|III.34j) vanishes for e —* 0. Plugging 
now (|III.67j) and (|III.69j) in ()III.66|) . the ring potential in the static limit and in the presence of strong 
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magnetic field is given by 
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Following now the same steps as in the previous paragraph, the ring potential in the static limit can be 
decomposed into a perturbative and a nonperturbative part 
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The perturbative part is given, as in the previous case, by the substitution z 
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. It reads 
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Here, we have first expanded the integrand in the orders of a and then performed the integration over z. 
Comparing to the perturbative part in the IR limit (|III.60j> . V^ l g c/part ' diverges for A — > oo. This is due 
to the lack of a factor e~2 in the second term of the integrand. This factor arises only in the IR limit 
where k / and damps the integral. The perturbative part (|III.60|) in the IR approximation remains 
therefore convergent and yields a finite contribution to the perturbative loop potential. 
As for the nonperturbative part of y r s ^ t 9 lc/strong (|III.7ip , it is given by 
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In the high temperature expansion m(3 — > 0, the most dominant term of the potential (|III.73j) for 
is given by 
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The same result will arise if we expand (|III.73|) first in the orders of ^ — > 00 for fixed m/3 and then take 
the limit mf3 — > 0. Together with the perturbative contribution to the effective potential, ()III.72[) . the 
most dominant part of the ring potential in the limit ^ — > 00 is given by 



t rstatic limit/strong 

ring 



49m 4 (C(3)) 2 / 2a eB 

1 ~T~ 77 



256vr 6 



7r m z 



m 



P) 3 + cutoff dependent terms. (III. 75) 



This result can be compared with (|III.65|) where, in the order m/3, a novel term proportional to 

2 eB i„f2a eB - 



7T v 7T 



appears. 
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D. A second possibility to determine the ring potential in the static limit; The strong limit 



In III.C, we have determined the ring potential in the static limit using I 2 from pil.40p . where we have 
first taken the limit eB — > 00. This means that a transition to the LLL is occurred before the ring 
potential is calculated. Once we are in the LLL, it is necessary to distinguish between two different 
dynamical regimes in the LLL: <C m 2 <C eB and m 2 <C k 2 <C eB, and separate consequently the k% 
integration interval k% £ [0, oof into two parts, k% £ [0, m] and k% S [m, 00]. As we have seen in ()III.7Qp 
the integrands are also different in these two dynamical regimes. Mathematically, in the LLL, the three- 
dimensional integration over k = (fci, fc 2 , ^3) in ()III.66|) and (jIII.70|) are separated into two integrals over 
&3 and a symmetric integral over /ci-fc 2 plane, which is perpendicular to the direction of external magnetic 
field. 18 Physically, this can be viewed as a consequence of the dimensional reduction which is one of the 
well-known properties of the LLL dynamics 2C]. 

In this section, we will point out that a second approach is also possible to determine the static ring 
potential in the limit eB — > 00. In this approach, one starts directly from the ring potential (|III.13p and 
take the limit eB — > 00 afterwards. 19 Doing this, one arrives at 



V Z7 S Umit = 7^ ( n oo (0, 0)) 3/2 = j£; (/ 2 T (0, 0)) 3/2 



eB-+oo T 
* 127T 



3/2 

M 2 (l-2C l (mp,7r)) ' 



(111.76) 



where n 00 (0, 0) = -II44 (0, 0) = 1^(0, 0) from (|lL33l) and 

00 

I 2 T (0, 0) = Al = -2M 2 £(-1)' (£m(3) K x (£m(3) 

e=i 

= M 7 2 (l-2C 1 (m/3,vr)), 

from (|III.47jl are used. In the next section, the ring potential (1III.62I) . rtlll. 73h and (|III.76[> will be used 
to study the dynamical chiral symmetry breaking of QED in the LLL. 



IV. DYNAMICAL CHIRAL SYMMETRY BREAKING OF QED IN THE LLL 

For a given one-loop effective potential the gap equation is given by [see Appendix B for the 

derivation of the gap equation at T = and Appendix C for a generalization to T 7^ case] 

dV^ (m,eB;T) 



Gm, (IV.l) 



where G is an appropriate coupling and m is the dynamical mass. 29 Using the identity (ipip} = ^ m , 
the above equation is given by 

gyW (m,eB;T) _ ^ d^^jm, eB;T) 
dm dm 2 



18 In other words, the integrations over k = (ki, fc2, fca) in (|III.66[) and (|III.70|) are to be performed over a cylinder with the 
basis in fci-fo plane and the height in the ks direction. 

19 Note that mathematically in (|III.13|I . there is no difference between £3 and = (fci, ^2) integration. Both the integrand 
and the integration interval are spherical symmetric over a three-sphere, once we introduce a sharp momentum cutoff A 
to calculate the integral. 

20 In this section, we will omit the subscript dyn in md yn . from Appendices A-C. 
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In this section, we will use pV.2p to determine the dynamical mass and critical temperature of the 
dynamical chiral symmetry breaking of QED at finite temperature and in the presence of strong magnetic 
field. To determine the gap equation of this theory, the ring improved effective potential including the 
one-loop and the ring contributions will be considered. To fix our notations and at the same time to 
check our procedure, we will first determine in Sect. IV. A, the dynamical mass m(T) and the critical 
temperature T c arising from (|III.39|) . the one- loop effective potential of the theory. 21 In the limit of strong 
magnetic field eB S> m 2 and in the high temperature limit m(3 — ► 0, our results indeed coincide with the 
results from 
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41] 



22 



In the rest of this section, we will examine the possible effects of the ring contribution to the ring 
improved (one-loop) effective potential on the dynamical mass and critical temperature of QED at finite 
temperature and in the LLL. To this purpose, we will use the ring potentials in the IR, static and strong 
magnetic field limits that are calculated in the previous sections. As it is mentioned before, the ring 
potential arises only in the finite temperature field theory and reflects the infrared behavior of the theory 
at T ^ [see Sect. LA]. Its contribution to the one-loop effective potential has various effects. In 
for instance, the phase transition of a simple scalar field theory is considered using the ring improved 
effective potential, including the one-loop and the ring contributions. It is shown that the addition of 
the ring to the one- loop effective potential has indeed two effects: First, in the ring contributions there 
are terms that cancel certain imaginary terms arising from the one-loop effective potential, and second, 
the order of phase transition changes from second to first order. The same effect happens also in [?j], 
where in particular, it is shown that after adding the ring contribution to the one-loop effective potential 
of the electroweak Standard Model (SM), the critical temperature of electroweak symmetry breaking 
decreases from its value arising from the one-loop effective potential of the theory. It is the purpose of 
this section to show that the critical temperature of the dynamical chiral symmetry breaking of QED at 
finite temperature and in the LLL approximation is indeed affected by the contribution from the ring 
potential. To show this, we will consider in Sect. IV. B the ring potential in the improved IR limit, 
(|IIL62p . and calculate the dynamical mass and the critical temperature in the strong magnetic field limit 
eB S> m 2 and high temperature limit m(5 — > 0. Then, in Sect. IV. C and IV. D, the ring potential in the 
static limit, (|III.73|) . and the strong limit, pil.76[) . will be considered separately and the corresponding 
dynamical mass and critical temperature will be determined. Whereas adding the ring potential in 
the improved IR and strong limits to the one-loop effective potential decreases the critical temperature 
arising from one-loop effective potential, the ring potential in the static limit does not change Tj 1 ^ . In 
Sect. IV. E, we will finally consider the ratio Tc /T c , where T c is the ring improved critical temperature 



Note that (|III.39|) is determined using the worldline formalism (34[, which is supposed to lead to the same one- loop 
effective potential arising from the well-known Schwinger proper-time formalism [20l . |2S| . For the exact definition of 
the one-loop effective potential in the LLL approximation see Appendix A. 

In [4l[ the dynamical mass and the critical temperature of an effective Nambu-Jona Lasinio (NJL) model at finite tempera- 
ture are determined using the one-loop effective potential of the theory in the presence of an external chromomagnetic field. 
In [Ijlj], the same quantities are determined by solving the SD equation of QED in the presence of a strong magnetic field 
using a ladder approximation. The common result in these two papers is the well-known relation T c (1) = Cm w (T = 0), 
where Ti 1 ' is the critical temperature arising from one-loop effective potential/solution of SD equation in the ladder 
approximation and m^(T = 0) is the corresponding dynamical mass at zero temperature, and C is a numerical factor. 
This relation seems to be model independent. In this section, using the one-loop effective potential of QED in the pres- 
ence of strong magnetic field, ()IH.39|I . and following the procedure described in Sect. IV. A, we arrive at the same result 
T c (1) « m (1) (T = 0) [see pV.ll[l ], 
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arising from the ring improved effective potential including the one-loop and the ring potential. Further, 
we will define an efficiency factor r\ = 1 — u _1 . In this way we will be able to compare numerically the 
effect of the ring potential in the IR limit with effect of the ring potential in the strong limit in changing 
rj 1 ^. As it turns out, compared to the strong limit, the IR limit is more efficient in decreasing the 
critical temperature arising from one-loop effective potential. This is indeed a promising result in view 
of the baryogenesis problem in the electroweak SM, when the ring potential in the improved IR limit is 
considered to calculate the critical temperature of the electroweak SM in the presence of strong magnetic 
field. 23 



A. Dynamical mass and critical temperature arising from QED one-loop effective potential 

Let us start from QED one-loop effective potential y( 1 )/ strong (m, eB; A, T) in the limit of strong mag- 
netic field pil.39p . It consists of a temperature dependent and a temperature independent part. Whereas 
the temperature dependent part is renormalization free, the temperature independent part depends ex- 
plicitly on a sharp momentum cutoff A. 24 In the limit of strong magnetic field, where QED dynamics is 
described by an effective field theory in the LLL, the momentum cutoff A can be replaced by A 5 = V eB. 
In this section, using (|III.39j) with A — ► A#, we will determine the dynamical mass and the critical 
temperature of the dynamical chiral phase transition arising from QED one-loop effective potential. The 
results will then be compared with the corresponding results in 3l[ and 41)]. We will show that in the 
limit of strong magnetic field, m 2 <C eB, and in the high temperature limit, mj3 — > 0, our results coincides 
with the results from 
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To start, let us replace the potential V in (|IV.2jl by (1III.39|) which is given by 



V m/stIons (m,eB;T) 



eB 
8^ 



m r 



m 
A 2 " 



8m \ -> 

71=1 



■iy 







n 



K-i (nm0) 



We arrive first at 



dm 



Gm 



^ 2 y( 1 )/ stron s eBm 



dm 2 



4vr 2 



(1 



G)T (o, 



m 
W 



+ 2GT 1 



m 
A 2 " 



+4(1 - G) ^T(-l) n K (nmp) + 4G X](-l) n (nm0) K x (nm(3) 



n=0 



n=l 



0. 



(IV.3) 



The above equation will be simplified as follows. First, we take the high temperature limit m(3 — > in the 
temperature dependent part of PV.3P which is given in the second line of the above expression. Using 
(|III.3ip and ()III.33[) . it turns out that the term proportional to {nm(3)Ki{nm[3) behaves as ~ 0(1), 
whereas the term proportional to KQ(nmf3) is proportional to ~ ln(m/3). Keeping only the logarithmic 
divergent terms in in the limit m/3 — * 0, the term proportional to (nmf3)Ki(nmP) can therefore be 



In [loL [lH the standard electroweak symmetry breaking is considered in the presence of a strong hypermagnetic field. To 
determine the ring potential in the strong magnetic field limit, first the ring integral is calculated and then eB — > oo limit 
is taken, as in (|III.76|l . Our calculation shows that the results in [Tol. FTP] may be improved, if in place of the strong limit, 
the improved IR limit is used [421 ]. 

The temperature independent part of the one- loop effective potential is also called "the renormalized effective potential" 
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neglected in this limit. Next, in the temperature independent part of (|IV.3p which is given in the first 

2 

line of the above expression, we take the strong magnetic field limit, z = -C 1. Using the relation 

r(0, z) ^5 — 7 — In z, and T(l,z)^-^*1, 
where 7 is the Euler-Mascheroni constant, we arrive therefore at the gap equation 

m 7 G 

n=l 

where m = m(G; T) is the temperature dependent dynamical mass, which is given by 



ln = 2 + T~G + ^(r-^oinmfi), ( IV ' 4 ) 



m(G; T) = A B exp -1 + — - + 2^(-l)%(nm/3) . (IV.5) 



n=l 



At T = we have 

m(G ;T = 0) = A B exp f-1 + ■ ( IV - 6 ) 

This is a general structure for the dynamical mass as a function of the effective coupling Go at zero 
temperature (see Appendices B and C for an exact definition of Go at zero temperature as well as G at 
finite temperature). As it is shown in (|B.5|) . in the lowest order of a correction, G^ receives contribution 
from diagrams shown in Fig. 3 (Appendix A) of order a (only the T = part of these diagrams are relevant 
for Gg 1 ^). In higher orders of a expansion Go receives contribution from the temperature independents 
parts of all diagrams shown in Fig. 1 and (jI.T[) (ring diagrams) at zero temperature. 

As we have mentioned in Sect. II. A, the dynamically generated fermion mass in the lowest order of 



a correction at zero temperature is calculated in 20] and 31] in the ladder LLL approximation. 5 It is 



given by (|II.16|) . Comparing to the exact result, m(Go,T = 0) from pv.6p . this first correction to the 
dynamical mass can be indicated as: Tn^ n = m^(G^;T = 0). As it is shown in Appendix B, the result 
from pV.6p is indeed comparable with the dynamical mass m^(G^;T = 0) (|II.16|) . provided G^ in 
this lowest order of a correction is fixed as in (|B.12p i.e. by G^ = 1/(1 — y^fO ~ 1 + \f%- Plugging this 
result in (jlVTH]) . we get 

m^{G ( Q ] ;T = 0) = C m A B exp f~ y^j > C ™ = e" 7/2 = 0.749306. (IV.7) 

As next, let us determine the critical temperature of chiral symmetry breaking of QED in the LLL 
approximation. To do this we use the gap equation pV.4|) . and replace [see (|III,31j) ] 



f2(-l) n K (nm(3) - \ + + 

n=l ^ ' 



G (m/3,7r) 



Note that in [3l|] apart from the ladder approximation, a constant mass approximation (CMA) is also used. In this 
approximation, one neglects the fermion mass structure in the solution of the corresponding SD equation [43|. In other 
words momentum dependence of self-energy in the gap equation are neglected in this approximation. As it is shown in 
[43 | this turns out to be a reliable approximation in QED (with only one coupling constant) in the presence of a strong 
magnetic field limit, although there is no general principle that guarantees the validity of this approximation for the whole 
range of physical coupling. In other theories with more than one coupling constant, due to the richness of parameter 
space, the reliability of CMA is questionable and should be investigated in detail (see Elizalde et al. in [431). 
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The critical temperature arising from one-loop effective potential (|III.39|) . T C (G;T), can now be deter- 
mined from the condition m(T c ) = 0. It is given as a function of G by [see Appendix C for an exact 
definition of G] 

r c (G;T) = A s exp^ + T ^ + 21n2V (IV.8) 
Here, we have used the expansion of Co(t, ir) 

C (t, vr) = In 2 - + o (t 4 ) , (IV.9) 

at t = 0. The critical temperature as it is given in OV.8P includes all orders of a correction through 
definition of G from (jC6h . All diagrams contributing to G are to be considered at finite temperature. 
In the lowest order of a correction, G^ receives contributions from diagrams shown in Fig. 3 of order 
a. This fact allows us to compare PV.8P in the lowest order of a correction, i.e. tJ 1 ^, with the critical 
temperature arising from the SD equation including the contributions from the same two diagrams in 



Fig. 3, that are relevant in determining iti^(Gq;T = 0) 31]. Doing this G^ is again fixed to be 
G^ 1 ) = Gq 1 '* = 1/(1 — \ f^) ~ 1 + \f%- Plugging this expression in (|IV.8|> . we arrive at 



tP(G {1) ;T) = C r A B exp (~y~) > C T = ^ _1 e 7/2 = 0.156277, (IV.10) 



which is comparable with the result from 31]. Comparing to m^(0) from ()IV.7p . we arrive at the 
well-known relation 

TP = 7r -1 e 7 m (1) (0) = 0.424806 m (1) (0). (TV.ll) 

The same relation arises in 



41 ] between the critical temperature Tc and the dynamical mass m^(T = 0) 
in the effective NJL model in the presence of constant chromomagnetic field. Note that in higher orders 
of a correction, the critical temperature T C (G; T) receive contribution from higher loop diagrams through 
the definition of G from (|C.6j) . 

As next, we will determine the gap equation, the dynamical mass and the critical temperature for the 
ring improved effective potential including the one-loop effective potential (|III.39|) and the ring potential 
in the IR, static and strong limits [see pil.62() . pil.73|) and pil.76p . respectively]. 



B. Full dynamical mass and critical temperature of QED in the IR limit 

Full dynamical mass in the IR limit 

As in (|IV.2|) . the general structure of the gap equation corresponding to the ring improved effective 
potential (see Appendix C for more details), V = VW+V ring , is given by 

dV ~ d 2 V 

= Grk 1^2- ( IV ' 12 ) 

am om z 

In V, and V r i ng denote the one-loop effective potential and the ring contribution to the effective 
potential, respectively. Here, comparing to the effective coupling G in (|IV.1|) . the modified coupling G is 
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given by 



26 



G = G 



1 dV rin g(m,eB;T) 



m 



d(tptp) 



Using the gap equation arising from ring improved effective potential including the one-loop effective 
potential and the ring potential and following the same procedure as was described in Sect. IV. A, the 
full dynamical mass m(G, T) reads 

2vr 2 



fh(G;T) =m(G;T)exp + 



eBm(l - G) 



BV ■ ~ B 2 V ■ 

u ' ring Qffi r%n 9 



dm 



dm 2 



(IV. 13) 



On the r.h.s. of this expression m(G; T) is given by the dynamical mass arising from one-loop effective 
potential ()IV.5j) with G replaced by G. Here, to determine the full dynamical mass in the IR limit, m m , 
we will replace V r i ng on the r.h.s. of (|IV.13P by the ring contribution of the LLL ring potential in the IR 
limit (|III.62j) . 27 and arrive first at 
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Here, G = G m and m = m m . 28 Further, z 2 (rh) 
in the orders of t = m/3, and the relations 

7t 2 C(3) 



Af2 



In (1 + ^1 3 y 

(IV. 14) 

Using (ITV91) . the expansion of C (i,7r) 



d (t,7T) 

Ci(t,7r) 
C;'(t,vr) 



+ O (t 3 ) 

+ o(t 3 ), 



4vr 2 
7*C(3) 
4vr 2 

7C(3) 279t 2 C(5) 



4vr 2 16vr 4 
the full dynamical mass in the IR limit is given by 



+ o(t 3 



(IV.15) 



m m {G m ;T) « m(G IR ;T) (1 + (m IR /3)£: IR ) 



(IV. 16) 



See Appendix C.3 for an exact definition of G. 
The perturbative part of the ring potential in the IR limit from (|III.60|I is mass independent and has therefore no 
contribution to the gap equation, the dynamical mass and the critical temperature. We will therefore omit this mass 
independent contribution in this section. 

See (|C.14p in Appendix C for the difference between G and G IR . 
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where 



S 1 



35C(3) 
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1 - 2G T 



24vr 2 
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In 
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(IV.17) 



Full critical temperature in the IR limit 



Using the gap equation pV.12p with the ring improved effective potential V, and following the same 
procedure described in Sect. IV. A to determine the critical temperature arising from the one- loop effective 
potential, we arrive first at the following general expression for the full critical temperature 



f c (G;T) = T c (G-T)exp[ + 



2vr k 



eBm(l - G) 



ring 



dm 



~ d 2 V ■ 
am 1 



m(T c )=0 



(IV. 18) 



Here, T C (G;T) is given in pV,8p by replacing G by G. To determine the full critical temperature T c 
of dynamical chiral symmetry restoration in the IR limit, we have to recalculate the ring potential, 
(|III.43j) . for a fixed, temperature independent mass cutoff rriQ 29 . To do this we separate the integral over 
&3 £ [0, oo] in (|III.43[) into two regimes [0, mo] and [mo, oo] and follow the same procedure which led from 
pil.43p to pil.62p . We arrive at the relevant nonpertubative part of ring potential in the IR limit 



V r f nq (eB,m ;T) 
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Replacing (IIV.19P on the r.h.s. of (1IV.18I) . we get first 
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(IV.20) 



Here, G = G m and m 



m 



Further, Zq = z 2 (mo) 



—— — r . Using now the definition m(T r ) = 
0, we arrive at the full 



and using (|IV.9P as well as (|IV.15P to determine Ci, i = 0,1, C[ and C" at m 
critical temperature of QED in the IR limit 



T™(G in ;T) = r c (G IR ;T)exp 



35C(3) 
24tt 2 



(m /?f)ln(l + z 2 ; 



(IV.21) 



Here, T c (1) is given in (fTV8j) and (3™ = l/f t 



IR 
C ' 



mo plays the role of an IR regulator. 
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C. Full dynamical mass and critical temperature of QED in the static limit 

In Sect. III.C and III.D, we have presented two different approaches leading to the ring contribution to 
the effective potential in the static limit (/co, k) = (0, 0) for strong magnetic field. First using the method 
presented in III.C, we arrived at the nonperturbative part of the ring potential pil.73|) . In a second 
approach in III.D, we just started from the ring potential Oil. 13h and took the limit eB — > oo. This leads 
to the ring potential (|III.T6|) . Although it seems that these two approaches are physically equivalent, but 
according to our arguments in Sect. III.D, they are indeed different. 30 In this section, we will determine 
the full dynamical mass and critical temperature using the ring potential in the static limit. In the next 
section, these quantities are calculated using the ring potential in the strong limit. 31 



Full dynamical mass in the static limit 



Let us consider first the nonperturbative part of the LLL ring potential in the static limit ()III.73|) 

2M 2 d ' 



st./nonpcrt. 
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ring 



mT 
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(IV.22) 



where we have omitted the irrelevant mass independent terms. The full dynamical mass m(G; T), arising 
from one-loop and ring contribution to the effective potential is given in (|IV.13p . where V r i ng is to be 
replaced by (|IV.22p . Doing this, we arrive first at 
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(IV.23) 



Here, G = G st and m = m st \ Using (|IV.9[) and ()IV.15|) to expand Cj, i = 0, 1 as well as C[ and C" in 
the order of m/3, the full dynamical mass in the static limit is given by 



(G st ';T) « m{G st ;T) (l + (m st /3) 3 £ st ) , 



(IV. 24) 



30 In the first approach, we take first the limit eB — » oo and then calculate the ring integral. In the second approach, 
however, we calculate first the ring integral and then take the limit eB — » oo. As it turns out, the limit eB — > oo and the 
integration over kz in the LLL are not commutative. Physically, this can viewed as a direct consequence of dimensional 
reduction, which is one of the well-known properties of the LLL dynamics. 

31 Although we believe that in the LLL the first approach (static limit) is more reliable, we will present the results corre- 
sponding to the strong limit in Sect. IV. D. This is just to compare them with the result from IR limit in Set. IV. B. 
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where m^'(T) is given in (|IV.5p and 

_ , 245a(C(3)) 2 (1-4G*-) / (rh^f \ 
8 = + 64.5 (i_G-) (IV ' 25) 

This result can be compared with pV.16P - (|IV.17p from the improved IR limit. Whereas rh m in PV.17P 
consists of a In a in the leading order of eB — > oo and m(3 — ► limits, m 8 ' 1 in (|iV.24p - (|IV.25P has 
no contribution in the order rh/3. Thus, in the high temperature limit mj3 — > 0, we have practically 
rh st - m. As it will be shown below, the ring potential in the static limit does not change the full critical 
temperature in this limit too. 

Full critical temperature in the static limit 

Here, as in the previous part, the critical temperature of dynamical chiral symmetry breaking can be 
determined only after recalculating the ring potential (|III.66P for a fixed, temperature independent mass 
cutoff rriQ. We separate the interval [0, oo] of the integration over k% in (jIII.661) into two intervals [0, mo] 
and [mo, oo] and follow the same steps leading from (|III.66j) to (|III.73[) as the relevant nonperturbative 
part of the ring potential. We arrive therefore at 

V%£ —(eB, m ; T) = ^ In (l + - ^g^. (IV.26) 



Replacing PV.26P on the r.h.s. of ()IV. 18|) we get first 
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2eB(l - G) { \™H j \ (1 - - 2d)) J \(1 - =„ 2 (1 - 2d)) 



2 



(IV.27) 



Here, G = G st ' and rh = m- st '. Using now the definition m(T c ) = and (fTVT9]) as well as pV.15j) to 
determine Ci,i = 0, 1, C[ and C'{ at m = 0, it turns out that full critical temperature of QED receives 
no contribution from the ring potential in the static limit, i.e. 

T^'(G st '\ T) = T c (G Et ';T), (IV.28) 

where T c (G st ;T) can be read from (|iV.8P by replacing G with G st . 



D. Full dynamical mass and critical temperature of QED in the strong limit 



Full dynamical mass in the strong limit 



To determine the full dynamical mass in the strong limit, we use (IIV.13P and replace V ring by (1III.76I) 



T 

T /" strong 

ring ~ 



M 7 2 (l-2Ci(m/?,7r)) 



3/2 



(IV.29) 
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Here, we have neglected the cutoff dependent terms. The full dynamical mass fh(T), arising from one- 
loop effective potential (|III.39[) and the ring contribution to the effective potential is given in (|IV.13p . 
where V r i ng is to be replaced by pV.29p . Doing this, we arrive first at 



2tt 



2 



eBm(l - G) 



OTAstrong o2 T^strong 

ring Gffl n & 



dm dm 2 



M 3 vr/? (1 - 2d) 1 ' 2 ( C[ »~ GC 2 



CiG+-—^ .(W.30) 



2eB(l-G) \rhP 1 (1 - 2Ci) 



Here, G = G stI ' and fh = m 8 * 1, . In the high temperature limit m/3 — * and for the strong magnetic field, 
the dynamical mass behaves as 

m str (T) « m(l + (m str '/?)£ strong ), with £ strong = (v (m^) 2 ) ' ' (IV ' 31) 

This result is in contrast to £ m from pV.16|) - (|IV.17p . where a novel term proportional to In a appears. 
Besides it is in contrast to PV.24|) - PV.25|) . where the first nonvanishing coefficient in the m(5 — ► 
expansion is of order (m/3) 3 and can be practically neglected in the very high temperature. 

Full critical temperature in the strong limit 

To determine the critical temperature corresponding to the ring improved effective potential, pV,18j) has 
to be used. Replacing PV.29P in the exponent of pV.18p . we arrive, as it is shown above, at pV.30p . 32 
Setting m = in (1IV.30I) and using PV.9P as well as pV.15p . we arrive at 

^strong ((^trong. = ^((Jstrong. ^ ^_ 7 C(3) g (^^trong ^ \ _ (IV.32) 

Here, the temperature independent mass mo is introduced by hand. This enables us to compare this 
result with the previous results from the IR limit pV.2ip and the static limit (|IV.28p . 

In the next section, we study the effect of ring contribution to the effective potential in decreasing the 
critical temperature arising only from the one-loop effective potential. 33 To this purpose, we compare 
numerically the critical temperature of chiral symmetry restoration in three different approximation: T c 
from pV.2ip in the IR limit, T c from PV.28P in the static limit and finally T c from pV.32p in the strong 
limit. 



E. Numerical analysis of T c 

In Sect. IV. B - IV. D, we have determined the ring improved critical temperature of QED in the LLL 
using the ring potential from IR, static and strong limits. They are given in pV.2ip . PV.28P and pV.32p . 
respectively. Note that, according to our arguments in Appendix C, these results are indeed exact 
(full in quantum corrections). They include all quantum correction through the coupling & m ' st,: strong } 



Note that here, in contrast to the previous two cases, no constant mass cutoff mo is necessary to calculate the ring potential 
leading to the critical temperature. 

As it is known from Q, the ring contribution to the effective potential of Standard Model without magnetic field decreases 
the critical temperature arising from one-loop effective potential. The same phenomenon is shown to be true in the presence 
of magnetic field [Tol. fll| in the static limit (fco,k) = (0,0). 



39 



[see ()C.13|) for a mathematically rigorous definition of Cr ,N = {IR, st., strong}]. In this section, we 
will study the effect of the ring diagram in decreasing the critical temperature that arises from the 
lowest order of a-correction (ladder approximation), i.e. T"J (GrW;T) from pV.lOp . 34 To do this let us 
consider T c (& lK ' st - strong} ; T), the factors behind the ring contribution on the r.h.s. of (|IV.21j) . pv.28|) 
and pV.32p . Now consider T c (& m ' st " stvon ^} -^T), only in the lowest order of a correction and denote the 
resulting expression by T C (GW/{ IR < st - strong > ; T) . Next, use the following approximation, which is only 
reliable in the high temperature limit m(3 — > and for eB m 2 , 35 

T C (G (1)/IR ;T) « T c (G (1)/st ';T) « T c (G (1)/strong ; T) « T C (1) (G (1) ; T). (IV.33) 

Using this approximation, we will be now able to compare the effect of ring potential in different limits, 
the IR, the static and th 
critical temperature by 



the IR, the static and the strong limits in decreasing Tj 1 . To do this, let us first define the ring improved 



T. = lf>^.(-^S). (IV.34) 

The argument in the exponent is the nonperturbative contribution from ring potential. Comparing 
pV.34p with the critical temperature arising from ring potential in IR, static and strong limit from 
pV.2ip . (|IV.28p and pV.32p . respectively, and using the approximation (|IV.33p . we get 

- IR = |pln(l + ,o 2 ), (IV-35) 



for the IR limit, 



for the static limit, and 



(IV.36) 



^.strong = Z^g%, (IV.37) 

for the strong limit. Then, solving (|IV.34p as a function of T c , the ring improved critical temperature 
T c in all three cases can be determined as a function of the one-loop critical temperature in the ladder 
approximation, \ the temperature independent mass, mo, and the parameter k. Doing this, we get 

^ mnK 

% = ^ (IV.38) 



Ring contributions lead to nonperturbative correction to the critical temperature Tc . 

Note that according to our descriptions in Appendix C.4, for different approaches to the ring potential K = 
{IR, static, strong}, the quantity AT C N = T C K (G (1)/N ; T) - T c (1) (G (1) ; T) vanishes only in the limit of high temperature 
(m/3 — > 0) and strong magnetic field {eB ^> m 2 ). Thus the above approximation ()1V.33|I is only reliable in these limits. 
To check this for the IR limit, for instance, let us consider G^ 1 ' and & r ^ m from (|C.6[) and (|C.17|I . respectively. In the 

lowest order of a correction — G^ 1 ' / ' IR = — n (alZ^Z^ . This is a term that arises from the two-loop 

diagram (a) in Fig. 3 (N = 1) and includes only zero Matsubara frequencies (n — 0). As it turns out, in the limit 
of eB 2> rn 2 , this term leads to a term proportional to (m/3) -1 . Adding this contribution to the gap equation arising 
from one- loop effective potential (HV.3jl . this contribution can indeed be neglected in the high temperature limit m/3 — > 
comparing to logarithmic divergent term including in Ko(nmP) in m/3 — > limit [see our descriptions in the paragraph 

following drvU]. 
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where the Lambert- function W(z), is a function that satisfies [451 ] 

W{z)e w & 



z. 



To have a quantitative first estimate on the effect of the ring potential on decreasing the one-loop critical 



temperature Tc l \ we define further 

T c {1) W{-an) 



using (IIV.38j) and the efficiency factor 



-an 



77 = 1 



with a 



1 

u 



ma 



(IV.39) 



(IV.40) 



In Table I the values of u and 77 for various choices of eB E [10 8 , 1] GeV 2 and for fixed a = 2 are listed. 



cB in GcV 2 


B in Gaufi 




?7 IR in % 




rftatic in % 


^strong 


rftrong in % 


10- 8 


1.7 x 10 12 


1.00007 


0.01% 


1. 


0% 


1.00004 


0.004% 


10- 7 


1.7 x 10 13 


1.00066 


0.07% 


1. 


0% 


1.0001 


0.01% 


1(T 6 


1.7 x 10 14 


1.01 


0.65% 


1. 


0% 


1.0004 


0.04% 


1(T 5 


1.7 x 10 15 


1.07 


6.26% 


1. 


0% 


1.0013 


0.13% 


3.2 x 1CT 5 


5.3 x 10 15 


1.22 


18.19% 


1. 


0% 


1.0024 


0.24% 


5.0 x 10~ 5 


8.5 x 10 15 


1.38 


27.60% 


1. 


0% 


1.0030 


0.30% 


7.9 x 10~ 5 


1.3 x 10 16 


1.77 


43.39% 


1. 


0% 


1.0038 


0.38% 


8.9 x 10~ 5 


1.5 x 10 16 


2.07 


50.17% 


1. 


0% 


1.0040 


0.40% 


9.8 x 10~ 5 


1.6 x 10 16 


2.67 


62.62% 


1. 


0% 


1.0042 


0.42% 


10- 4 


1.7 x 10 16 


2.65 - 0A5i 




1. 


0% 


1.0043 


0.43% 


10- 1 


1.7 x 10 19 


-0.14 -0.7i 




1. 


0% 


1.1699 


14.53% 


1 


1.7 x 10 20 


-0.16 - 0.5^ 




1. 


0% 


2.13- 1.24? 





TABLE I: The values of u and the efficiency factor 77 for different values of eB and different limits (IR, static and 
strong limit). Here a, the proportionality factor between mo and T^p is chosen to be a — 2. The efficiency factor 
77 increases by increasing the strength of magnetic field. For a given value of eB, the IR limit is more efficient in 
decreasing the critical temperature from its value arising from one-loop effective potential T c . 



The results are also drawn in the graphs of Fig. 2. Here, eB is in GeV 2 (1 GeV=10 9 eV) which 
is equivalent to B = 1.691 x 10 20 in Gaufi. 36 The above range corresponds therefore to B £ [1.7 x 
10 12 , 1.7 x 10 20 ] Gaufi, which is phenomenologically relevant in the astrophysics of neutron stars, where 
it is believed that the strength of the magnetic field is of the order 10 13 — 10 15 Gaufi. It is also relevant 
in the heavy ion experiments, for example in RHIC, where it is believed that the magnetic field in the 
center of gold-gold collision is 10 2 — 10 3 MeV 2 corresponding to B ~ 10 16 — 10 17 Gaufi (Here, the center 



In this paper, we have worked in Planck units, where h = c = 1. In these units eB has the dimension of energy, i.e. Joule 
(J) and will be denoted eB as [eB]j. To get a relation between [eB]j and B in Gaufi, we have to convert eB into SI units, 
where we get eB = Having in mind that h = 1.054 x l(T 34 Js, e = 1.602 x 10~ 19 C and c = 2.998 x 10 s m/s, we 

get B = 6.589 x 10 35 QeB]j) 2 Tesla= 6.589 x 10 39 {[eB] 3 f in Gaufi, providing [eB] 3 is in Joule. Choosing, for instance, 
eB = 1 GeV 2 , which is equivalent to ([eB].j) 2 = 2.567 x 10~ 20 J 2 , we get B = 1.691 x 10 20 in Gaufi. Here, we have used 
1J=6.241 x 10 9 GeV. 
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of mass energy is ~ 200 GeV per nucleon pair) 27l |. Denning further too as the zero temperature mass, 
i.e. mo = m(0), the above choices for a are indeed justified by the fact that the dynamical mass at zero 
jerature m(0) is proportional to the critical temperature Tc with a proportionality factor a = O(l) 
41]. To determine Zq 



31 



at zero temperature. 



2a eB 



we have fixed a 



l 

137 



and chosen toq = 0.5 MeV, the electron mass 




FIG. 2: (a) Fixing a = 2, the ratio u = /T c for the IR and strong limit is considered versus Log 10 e£? (eB in 
GeV 2 ). The effect of the ring potential in the strong limit in decreasing tJ is minimal comparing to the effect 
of the ring potential in the IR limit, (b) For 77 the efficiency factor, log 10 77 is considered versus log 10 ei? for the 
improved IR and the strong limit. The efficiency factor 77 increases with increasing eB. (c) The difference of the 
efficiency factor between the improved IR and strong limits, A?/ = r; IR — 7 y stron g j is considered versus Log 10 ei3. Arj 
increases with increasing eB. The maximum Ar/+ is w 62% for B w 1.6 x 10 16 Gau8. Note that u for the static 
limit is u statlc = 1. 



As it can be seen in Table I, for every given values of too and a, there is always a certain value of (eB)*, for 
which u is imaginary and rj cannot be defined. This is due to the fact that the Lambert W-function, TT^z) 
in PV.39|) . has a branch cut discontinuity in the complex z plane running from z = —00 to z = — 1/e. 
Here, e is the Euler number. Using (|IV .39p . this threshold can be determined for the IR and the strong 
limits as 

/ - (- 24 ' 2 ^ 8 " 5m " 



(eB) »»- = ^^ 1+ex ^__^, (eB)r ««-. = __^. (IV .41) 

For a = 2 and too = 0.5 MeV, we get therefore 

(eB)f 1 "' = 9.77 x 10~ 5 GeV 2 or B™ limit = 1.65 x 10 16 Gau8. (IV.42) 

The corresponding efficiency factor 77™ = r/ m ((ei?) i ) = 63.21%. This means a variation from the corre- 
sponding efficiency factor in the strong limit Arj = rj IR — r] strong = 62.79%. We conclude therefore, that 
the IR limit, compared to the static and the strong limit, leads to maximum efficiency factor 77 for a given 
value of eB (see Fig. 2). 

V. CONCLUSION 

In the first part of this paper, using the vacuum polarization tensor Jl fJiU (ko, k) in the IR limit — > 0, 
the general structure of the plasmon (ring) potential of QED is determined in a constant magnetic 



42 



field B. Then, taking the limit of weak and strong magnetic field, the ring improved effective potential 
including the one-loop and the ring potentials is determined. In the weak magnetic field limit, the effective 
potential consists of a T 4 a 5 / 2 term, in addition to the expected T 4 a 3 / 2 contribution arising in the static 
(ko — > 0, k — > 0) limit. The additional corrections are potentially relevant for the study of electroweak 
phase transition in the presence of weak magnetic field limit [3] ■ Note that similar terms of order o?J 2 

5/2 

and a s appear also in QCD effective potential at finite temperature and without magnetic field. They 
are calculated using the Hard Thermal Loop expansion [l^] (see also 18] and the references therein). It 
would be interesting to develop the same program for QED and QCD at finite temperature and in the 
presence of weak/strong magnetic field. 

Next, QED ring potential is calculated in the strong magnetic field limit. In this limit, QED dynamics 
is dominated by LLL and the chiral symmetry of the theory is broken as a result of a dynamically 
generated fermion mass. To study this well-known phenomenon of magnetic catalysis for QED at finite 
temperature in the LLL, the ring improved effective potential of the theory is determined in strong 
magnetic field limit. In particular, the ring potential is determined in the IR, k$ — > 0, as well as the 
static limit, (&o - ► 0, k — > 0). In the IR limit, it includes a novel term consisting of a dilogarithmic 
function (e_B)Li2 (— — -^1). Similar term in the form g 4 ln(/ s appears also in QCD ring potential at finite 
temperature and zero magnetic field [ig| . As for the static limit in the presence of strong magnetic field, 
there are indeed two different approaches leading to different ring potentials in this limit [see III.C and 
III.D for more details. Here, these two limits are indicated by static and strong limits]. Physically, the 
difference between these two results lies in the dimensional reduction as one of the consequences of LLL 
dynamics. 

In the second part of this paper, using the ring improved effective potential in the IR, static and strong 
limits, the gap equation, the dynamical mass and critical temperature T c of chiral symmetry restoration 
of QED are determined. Note that the critical temperature could only be determined by choosing a 
temperature independent IR cutoff mo in the integrals leading to the ring potential. Concerning the two 
different ring potentials in the static and strong limits, we note that according to our arguments in Sect. 
III.C and III.D, once we consider QED in the LLL at finite temperature, we have to determine the full 
dynamical mass and critical temperature using the ring potential in the static limit. We have presented 
nevertheless the results arising from ring potential in strong limit in Sect. IV. D and compared the results 
from Sect. IV.B - IV.D in Sect. IV.E. 

To have an estimate on the efficiency of the IR limit in decreasing the critical temperature from its 
value arising from the one-loop effective potential, Tq 1 \ we have numerically determined u = /T c 
for various magnetic fields and as a function of mo- Here, T c is the ring improved critical temperature 
defined in ([IV. 33)) . Further, to compare the IR limit with the static and strong limit, we have defined an 
efficiency factor r\ = 1 — u _1 for the IR, static and strong limits. As it turns out, for a given values of 
eB, the IR limit, compared to the static and the strong limits, is more efficient in decreasing the critical 
temperature Tj 1 ^ . The maximum efficiency factor in the IR limit is r/ IR ~ 63% for B ~ 1.6 x 10 16 Gaufi. 

Apart from its importance in the framework of magnetic catalysis, the above conclusion can be re- 
garded as a promising result concerning the problem of electroweak phase transition (EWPT) in the 
electroweak SM in the presence of strong hypermagnetic field. There, one is looking for a possibility to 
decrease the critical temperature of EWPT in order to improve the baryogenesis condition > 1 — 1.5, 



where (v) is the Higgs mass [8j, |12|. Note that the existence of baryon number violation in the SM is 
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realized by means of its vacuum structure through sphaleron mediated processes. The sphaleron transi- 
tion between different topological distinct vacua is associated to baryon number ns — n§ violation and 
can either induce of wash out a baryon asymmetry. In order to satisfy the baryon asymmetry condition 
during the baryogenesis process the rate of baryon violating transitions between different topological 
vacua must be suppressed in the broken phase, when the universe returns to thermal equilibrium. In 
other words, the sphaleron transition must be slower than the expansion of the universe and this in turn 
translates into the condition > 1 — 1.5 [lJ. Using the improved ring potential in the IR limit in 
determining the critical temperature of EWPT in SM may improve the results of [lo|-[l^| as one of the 
possible solutions of baryon asymmetry problem within the minimal SM 421 ] . 
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APPENDIX A: RING IMPROVED EFFECTIVE POTENTIAL OF QED IN LLL AT T = 



In this appendix, using the composite effective action based on CJT (Cornwall-Jackiw-Tomboulis) ap- 
proach [32], we will define the ring improved effective potential of QED at zero temperature in the LLL 
approximation. This fixes at the same time the notations used in the following appendices, where the 
gap equation of QED at zero and nonzero temperature are derived. The latter is used in Sect. IV to 



determine the dynamical mass and critical temperature of QED in the L 
Let us start with the composite effective action of QED (see 32] and 



L approximation. 



461 ] for more details) 



r[S,2V] = -iTrlnQ- 1 -iTr(S- 1 g)+T 2 {Q ,V „ v ) + F\D \ 



hi/ j 



(A.l) 



Here, S is the free propagator of massless fermions. Further, Q is the full fermion and T>n U is the full 



photon propagator. As it is described in [32|, the composite effective action (jA.ip includes the sum of 
two- and higher-loop two-particle irreducible (2PI) diagrams. Note that T 2 on the r.h.s. of (jA.ip includes 
the contribution of diagrams which are two-particle irreducible with respect to fermion lines only. In two 
loop order, the diagrams included in T 2 are shown in Fig. 3. 




(a) (b) 

FIG. 3: Two- loop diagrams contributing to T2 in (jA.ip . In the ladder LLL approximation, solid lines correspond 
to free fermion propagator in the LLL with m = md yn . from (|II.6|) - (|II.8|I . and wavy lines correspond to free photon 
propagator Vj^J from (|II.17|) . Diagram (a) is the same diagram appearing in (|I.7P and can be regarded as the 
diagram corresponding to N = 1 in the ring potential (|III.9|) at zero and nonzero temperature. It is denoted by 
dRi in (1X61) and as E„"'^l™ ) in ILH)- 
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Replacing the full fermion propagator Q in (|A.lj) by the fermion propagator S LLL of massive fermions 
in the LLL approximation with mass m = m dyn , from (|II.6[) - ()II.9[) . and, the full photon propagator, T>^ v 
by the free photon propagator D$ from (|II.17|) . the composite effective action f LLL = T[S LLL , D^J] in 
the ladder LLL approximation reads 37 

f LLL ~ nV(m dyn ., eB; T = 0) - iTr (S^S^) + [,S LLL , £>£>] + F[D$\. (A.2) 

Here, the free fermion propagator of massless fermions .Slll is given in pi.6p - pi.8p with m = 0. In (|A.2|) . 
the ring improved (one-loop) effective potential V(m d y n .,eB;T = 0) in the ladder LLL approximation is 
introduced. It is defined by the one-loop effective potential V^' {mdyn.i eB; T = 0) and the ring potential 

Vring y^dyn. i T — 0) , 

V(m dyn .,eB; T = 0) = V (1 \m dyn ., eB; T = 0) + V rmg (m dyn ,,eB; T = 0). (A.3) 

The one-loop effective potential in the LLL approximation is defined by the first term in (jA.ip with Q 
replaced by 5 LLL , 

V^\m dyn .,eB;T = 0) = -^Trln^. (A.4) 

In a constant magnetic field, (jA.4|) is calculated in [33J using the method of worldline formalism. In the 
LLL approximation, it is given by 



m, n eB f°° ds 

v m (m:eB;T = 0)= ^ 



-sin 



•1 



eBm 2 ^ f „ m 2 \ a^oo eBm 2 ( \ m 2 , , , n 



- 8 „ 2 1. ^ J - -g^r ^ at + OK) j , (A.5) 

[see also (1III.38|) for T / case]. Here m is a general nonvanishing mass. On the last line of (|A.5|) . 
T(0,z) — > — Inz — 7 is used. Here, 7 is the Euler-Mascheroni constant. 

As for the ring potential, V r ing from (|A.3p . it receives contribution from the ring diagrams in p.7p and 
Fig. 1. These diagrams are already included in T2 from (jA.ip . 38 At zero temperature, the ring potential 
of QED is given by 

00 

V rmg (m dyn .,eB;T = 0) = fi" 1 /%[S LUl Oj)] 



N=l 



1 f d A k ^ (-1) 



2 ^ (^ifci V 
1 /• d 4 A; 
2 



z?£)(*)n«*(*) 



I ^4 In(l + D£)(fc)n««(fc)). (A.6) 



37 In the definition of effective potential we have used F = where F is the effective action, V is the effective potential 
and r2 is the four-dimensional space-time volume. 

38 Using the fermion gap equation ^^lll^llL'-D — [ _ ^ can ^ e shown that a N 7i,N [Slll, D^J] from ()A.2[I leads, up to a 

constant factor, to the same a N correction in the resulting SD equation, that arises from ar ^ LLL 'J? LLL ' PLLL ^ = where 
full photon propagator X> M „ is used. In this sense, ring diagrams are already included in a composite effective action, 
where instead of free photon propagators, as in (|A.2|) . full photon propagators are used. Other a N corrections arising 
from quantum corrections of full fermion propagator in the LLL, (Jlll, are included in F^ 00 ^ in (IA.2II . 
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[see also (|III.9|) for T / case]. Here, 1Z at denotes the contribution of the N-th diagram in the ring 
series in Fig. 1, where N vacuum polarization tensor Ii^ v are inserted in a photon loop. Note that in the 
LLL ladder (rainbow) approximation, the vacuum polarization tensor in (|A.6P is determined using free 
propagator S LLL of massive fermions in LLL approximation with mass m = md yn . from (|II.6|) - (|II.8j) . 39 
As we have mentioned above, ring diagrams are already included in T2 from (jA.ip . Thus T^ 00 "* is ()A.2p 
is defined by 

r^[S hLL ,D^] = T 2 [S LLL ,D$} - flV rmg (m dyn .,eB;T = 0). (A.7) 
Here, the subscript 00 in T^°^ means that infinitely many ring diagrams are subtracted from F 2 in (jA.ip . 



APPENDIX B: GAP EQUATION OF QED AT ZERO TEMPERATURE 
1. Gap equation from one-loop effective potential at zero temperature 



In the LLL, once the dynamical mass is generated via the mechanism of magnetic catalysis, the chiral 
symmetry of the originally massless QED breaks spontaneously. This leads to the formation of a chiral 
condensate {ipip). For a nonvanishing fermion mass, m, the nonvanishing chiral condensate can be most 
easily calculated by (see 28] and Eq. (19) in [3] for more details) 

= -limtr(5 LLL (x,y;m)) ~ (in ^ + O (m )) . (B.l) 

Here, A is a large momentum cutoff. Comparing now the value of the chiral condensate (jB.ip with the 
one- loop effective potential (]A.5p . we arrive at 

= W*) (m ,eB;T-» 
dm 

The above chiral condensate can be used to determine the gap equation of QED from composite effective 
action. To do this in the LLL approximation, let us consider the composite effective action r LLL from 
COl) and use the fermion gap equation 5T lll /5Si,-l-l = 0, to arrive at 

dr LLL _ f 4 / 5Tlll 8Slll(x) \ _ 

d(W) -J dxtT [ss^Mx) d(^) J'"- [ 6) 

Using now the gap equation fr^x = and the definition of f LLL from ()A.2p , we arrive at the gap equation 
of QED arising from one-loop effective potential (|A.4|) [see also pv.ip ] 

dVV (m dyn .,eB;T = 0) 

= ^0^, (B.4) 

Here, the "effective coupling" of QED in the LLL dominant regime, Go, is defined by 
1 d ( .„ ,„_ n „ \ „ r ^ ^(1), 



Go = ~ m agtf^ {-^(S^J^) +aK l [S^D$] + fW[S^,D$) +F[D$]) , (B.5) 



The ring potential V r i ng from (|A.6[) for zero external magnetic field and in the static limit, i.e. for Yl pv = Yl pv (k = 0) 
in (|A.6|) . is previously calculated by Akhiezer et al. [47|]. It leads apart from cutoff dependent terms to nonperturbative 
a 2 log a corrections to the effective action. 

Relation (|B.2|) can generally be derived for eB = using the definition of one-loop effective action [4lj . 
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where the definition of f LLL from (|A.2p is used. In general Go is a complicated function of a (see below). 
It can be determined order by order in a by computing the r.h.s. of ()B.5|) . In the lowest order of a 
correction, for instance, it receives contribution from aR,\ [diagram (a) in Fig. 3], and diagram (b) in 
Fig 3, which is included in • To determine Go in the lowest order of a correction, let us first give the 
gap equation (|B.4p in a more appropriate form by making use of the identity 

(B.6) 



d __ ( d 2 vw \ 1 d 

d($il>) \dm 2 dyn j dm dyn 



that can be derived from 

■ = (ipif)). As for the gap equation (|B.4[) . it is given by 
dVW (eB,m dyn .;T = 0) (eg, m dyn .; T = 0) 

= Gom^n. — k . (li.7; 

orridyn. om z 

The above gap equation (|B.7p can now be used to "fix" Go order by order as a function in a. To show 
this, let us consider the one-loop effective potential from (|A.5|) with m = m d y n . and plug it into (|B.7p . 
We arrive at 

(1 - Go) r (o, ^\ + 2G r ^1, ^\ = 0. (B.8) 

Setting A = A# = y/eB and assuming that m dyn _ < A^, the T-functions on the r.h.s. of (jB.8[) can be 
expanded as 

T(0,z) ^2 -7- lnz, and r(l,z)^l. (B.9) 
Plugging these relations into (|B.8p . we arrive at the following gap equation 

that leads to 

m dyn XG o ;T = 0)=CA B exp(-^-Y with C = e~^ 2 . (B.ll) 

This is indeed a general structure of the dynamical mass as a function of Go- The latter includes all higher 
loop contributions through its definition from (|B.5p . To determine Go in the lowest order of a correction, 
we use the result of the dynamical mass fn d y n in ladder approximation from (|II.16|) and compare (jB.lip 
with it. Thus, the "effective coupling of QED in the LLL", Go, can be "fixed" in this lowest order of a 
correction as 

,(i) 1 - fa 



C^^— + (B.12) 



Here, similar to frv d y n the superscript (1) denotes that receives contribution from two-loop diagrams 
of order a that are shown in Fig. 3. These diagrams contribute to the composite effective action as it 
can be checked from (]A.2p . It would be interesting to perform a bottom-up calculation of from its 
definition (1B.5P in the one-loop level. Calculating the expression in the parentheses in (1B.5P up to order 
ot and replacing ui d y n (Gq;T = 0) from (IB.lip leads to a nontrivial equation for Go, whose solution leads 
to an expression for Go that can be compared with from (|B.12p in the lowest order of a correction. 41 



This calculation will be performed elsewhere [48 
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2. Gap equation from the ring improved effective potential at zero temperature 



To determine explicitly the contribution of ring diagrams to the dynamical mass and critical temperature, 
we will use in Sect. IV. B an alternative gap equation. It arises from the ring improved effective potential 
V(eB,m dyn ;T ^ 0) at finite temperature. At zero temperature, the ring improved effective potential is 
given in (|A.3j) . The corresponding ring improved gap equation reads then 

dV(m dyn .,eB-T = 0) ~ 

— am — = Gom ^-' (B - 13) 



where 



Comparing to Go from (|B.5|) we get 



r r 1 dV ring (m dyn .,eB;T = 0) 

^0 = <^o HTTn ' [p. lb) 



where V r i ng is given in (|A.6|) . 



APPENDIX C: GAP EQUATION OF QED AT FINITE TEMPERATURE 
1. Composite effective action in the LLL approximation at finite temperature 

Let us consider the ladder LLL composite effective action (|A.2p at zero temperature. Its generalization 
to finite temperature is indicated as = r LLL [£ LLL , D$;T], which is defined as 

Tlll = n-'V (m dyn .,eB;T) - iTr {S~ L \S LLL ) T + f <°°> [S LLL , £>$; T] + F[D$;T}. (C.l) 

Here, m dyn . = Tn dyn _(T) is the temperature dependent dynamical mass. The ring improved effective 
potential, V(m dyn ,,eB;T), is defined as 

V(m dyn .,eB;T) = V^ l > {m dyn .,eB; T) +V ring (m dyn _,eB;T) . (C.2) 

Here, the one-loop effective potential at finite temperature is defined as in (|A.4|) by 

(m dyn .,eB;T) = -ifl^Tr In Si LL , (C.3) 

and the ring potential is given as in (|A.6P by 

oo 

V rmg (m dyn .,eB;T) = £ a N K$[S^ D$;T}. (C.4) 

n=— oo 

In (|C.3P the bare fermion propagator in the LLL is the generalization of ()II.6[) - (|II.8|) to finite temperature. 
For a general nonzero mass, the free fermion propagator at finite temperature including the contribution 
of all Landau levels is given by (|II.19p . The ring potential in (|C.4p is defined in ()III.9[) . where the 
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contribution of all diagrams in Fig. 1 and the diagram in (|I.7|) at finite temperature 42 is taken into 

account. As it can be seen in (jIII.9[) to determine the ring potential, we have to add over all n G] — oo, oo[ 

that label the Matsubara frequencies u n . The summation over n in (|C.4p denotes the same summation 

(n) 

over n of Matsubara frequencies and TZ N is the corresponding contribution of the N-th. ring diagram to 
the n-th Matsubara frequency. 



2. Gap equation from one-loop effective potential at finite temperature 

In Sect. IV. A, the gap equation arising from one-loop effective potential is used to determine the dy- 
namical mass pV.5p and the critical temperature PV.8P at finite temperature. The gap equation from 
one-loop effective potential at finite T is given by 

dVW (m dyn .,eB;T) 

— am — = dyn - ( } 

It is indeed a generalization of (|B.4|) - (|B.5|) to finite temperature. Using the ladder LLL composite effective 
action (|C.1|) . the effective coupling of QED in the LLL dominant regime at finite temperature, G, can 
be defined as 

G = — 7vT7\ (~ iTr (^^ll) t + clKx B%> ; T] + f « [S^, D$ ; T] + F[D$ ; T] 

m dyn. U\ipip) V 



(C.6) 

In Sect. IV. A, we will use this gap equation to determine the dynamical mass fn^ n (G;T) and the 
critical temperature Tc l \G) in the lowest order of a correction in ladder (rainbow) LLL approximation 
[see PV.5|) for the dynamical mass and (|IV.10|) for the critical temperature]. 

3. Gap equation from ring improved effective potential at finite temperature 

The gap equation arising from the ring improved effective potential at finite temperature can be given 
most easily as a generalization of (IB.13j) -( fB.14p to finite temperature. It is given by 

dV(m dyn ,,eB;T) ~ 

— am — = dyn -' ( } 

where G is defined by 

Comparing to G from (|C.6|) we get 

g = q 1 dV ring (m d y n .,eB;T) ^ 

m dyn . d{ipip) 



This is the N = 1 term in (|IiL9|l . 
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4. Gap equations used in sections IV. B- IV. D 



The general form of the gap equations (|C.7p - (|C.8p are not exactly the gap equations that are used 
in Sect. IV. B - IV. D to determine the full dynamical mass and critical temperature of QED in the 
ladder LLL approximation. There, we have used the ring potential in three different approaches H = 
{IR, static, strong}. To give the general definition of the gap equation corresponding to all these three 
approaches, we will indicate the ring potential in the ^-approach by V^ ng (m dyn _,eB;T) and use the 
separation 

Vring{m d y n .,eB; T) = V^ ing (m dyn .,eB; T) + V^ ng (m dyn .,eB; T). (CIO) 

In Sect. IV. B, IV. C and IV. D, the superscript K = IR, K = static and H = strong, respectively. We define 
further the ring improved effective potential corresponding to H-approach by one-loop effective potential 
(|C,2p and the ring potential in N-approach 

V*(m dyn .,eB;T) = (m dyn ., eB; T) + V% ng (m dyn ., eB; T). (C.ll) 

The gap equation in the corresponding H-approach is therefore given by 

dV\m dyn .,eB;T) 

d(M ~ G md ^ (ai2) 

where m dyn , = rn^ yn and the corresponding coupling, G^ is given by 

1 d_ 

m dyn .fl d^ip) 

+n- 1 V« ng (m dyn ., eB; T) + ff ^, D$;T\ + F[D$;T\} . (C.13) 

We have therefore 

G = - 1 dV r H in 9 (^dyn,eB-T) ^ 

Let us finally give an example to clarify the above notation. In Sect. IV. B for instance, we have used the 
ring potential in the IR limit. In particular, this is determined by n = in (|C.4|) . Using the definitions 

oo 

N (n=0) r 



G H — — ~ — O pTXm {~^ r (^lll£lll) t 



VZ 9 (m dyn .,eB;T) = fT 1 £ a N K%- 0) [5 LLL , D$; T] 



N=l 

oo 

JV-r>W[ 



VZ 9 (m dyn .,eB;T) = fT 1 ^ £ a N TlP [S hhIj , D$; T], (C.15) 



n — — oo 7V = 1 



to separate zero and nonzero Matsubara frequencies, the gap equation in the IR approach is given by 

dV m (m dyn .,eB;T) 



where the corresponding coupling is given by 



G m m dyn ., (C.16) 



~ Id i 

m dyn U d(ipf) 



+n- 1 V™ g (mdyn,eB-T)+r^\s LLL ,D$ ] T]+f[D$ . (C.17) 
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